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Abstract

In this work, we develop 1/O-efficient algorithms for the manipulation of binary
decision diagrams (BDDs) within the context of symbolic model checking.

In our modern society, we depend every day on several critical systems. Model
checking provides a way to prove that a digital system behaves according to its
requirements. Having verified the system a priori, one can put it into the real world
safe in the knowledge that it works as intended. This technique essentially amounts
to checking by brute force whether all of the states that the system could ever find
itself in are safe. Yet, systems are extremely complex, and so a naive exhaustive
enumeration of all states can easily exceed the limits of any computer that has existed
or ever will be.

A binary decision diagram (BDD) is a data structure with which one can reason
about sets of states within much less space and time than is possible with enumerative
methods. This data structure has been key for pushing the limits of what can be
proven safe via model checking. Conventionally, BDDs have been — and still are —
implemented by means of memoised recursive algorithms.

Arge showed in 1995 that these conventional BDD algorithms are inherently
I/O-inefficient. That is, BDD computations are bottlenecked by how fast the computer
can read from and write to its memory. Thirty years later his predictions have come
true: BDD implementations have not been able to capitalise on the recent advances in
CPU speed. Furthermore, BDD implementations are incapable of dealing with BDDs
that are so large that they have to be stored on the machine’s disk. To resolve this,
Arge proposed to use a radically different algorithmic approach to compute on BDDs
in a way which is I/O-efficient.

We follow up on Arge’s theoretical contributions to develop I/O-efficient BDD
algorithms for model checking. We do so with the additional goal of making these
algorithms also usable in practice. To this end, we simplify and drastically improve
upon Arge’s original ideas. Furthermore, we extend the algorithmic technique to
support all the BDD operations needed for model checking. The results of our efforts
is the new BDD package, Adiar. Unlike other BDD implementations, our algorithms
are capable of computing on BDDs that are much larger than the machine’s internal
memory (RAM). This is only at a slight but acceptable performance decrease for small
scale BDD computations in comparison to conventional implementations.






Resumé

I denne afhandling udvikler vi 1/O-effektive algoritmer til at manipulere binere
beslutningsdiagrammer (BDD’er), der kan bruges til symbolsk modelafprgvning.

I nutidens digitaliserede samfund afthenger vores hverdag af en masse kritiske syste-
mer. Modelafprgvning tilbyder en made, hvorpa vi kan sikre os, at et digitalt system
fungerer, som gnsket. Pa den made kan man finde alle fejl i et system, fgr det tages i
brug. Dybest set fungerer dette ved at lade computeren tjekke hvorvidt der ikke findes
nogen tilstande, som systemet ville kunne befinde sig i, der er ugnskede. Eftersom de
fleste systemer er rimelig komplekse, sa er det dog ikke muligt i praksis for nogen
computer at beregne en sadan udtgmmende oplistning af alle systemets tilstande.

Et binzrt beslutningsdiagram (BDD) er en datastruktur, der har gjort det muligt
at regne pa mengder af tilstande p4 meget mindre plads og tid, end hvad der fgrhen
var muligt ved at opliste alle tilstande sarskilt. Dette har vaeret et vigtigt skridt hen
imod at kunne bruge modelafprgvere til at sikre korrektheden af store og komplekse
systemer. BDD’er har — og er stadig — typisk implementeret ved hjlp af rekursion og
memoisering.

Arge viste 1 1995, at disse geengse BDD algoritmer er i sagens natur I/O-ineffektive.
Det vil sige, hastigheden hvormed computeren kan lase fra og skrive til dets hukomelse
er udslagsgivende for BDD algoritmernes hastighed. Tredive ar senere kan dette nu
ogsa ses i praksis: implementationer af BDD’er er pa det seneste ikke blevet hurtigere
pa trods af processorernes fortsatte udvikling. Samtidig er de ude af stand til at
beregne pa BDD’er, der er sa store, at de er ngd til at blive opbevaret i den eksterne
hukommelse (disken). For at Igse dette har Arge foreslaet at lave beregninger pa
BDD’er med en radikalt anden algoritmemetode, som er I/O-effektiv.

Vi fortsaetter Arges teoretiske arbejde med henblik pa at udvikle I/0O-effektive
BDD algoritmer, der kan anvendes til modelafprgvning. Dette ggr vi specifikt med det
mal, at algoritmerne ogsa er brugbare i praksis. Vi har derfor forenklet, forbedret og
feerdiggjort Arges oprindelige idéer saledes de understgtter alle operationer, der skal
bruges til modelafprgvning. Som resultat af vores arbejde kan vi presentere en ny
implementation af BDD’er, der hedder Adiar. Modsat andre implementationer, sa kan
vores algoritmer arbejde ufotrgdent pa BDD’er, der er stgrre end computerens interne
hukommelse (RAM). I forhold til rekursive implementationer af BDD’er er dette
gennembrud kun pa bekostning af en lille men acceptabel nedsattelse af algoritmernes
hastighed pa sma BDD’er.
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Part 1

Overview






Chapter 1

Introduction

As our modern society advances, more and more of our critical infrastructure depends
on complex digitised systems. Doing so, it becomes vital to be able to guarantee that
all hardware and software used to make up these systems behave as required. While
a rigorous set of tests and decades of engineering creates a relatively high amount
of confidence, it fundamentally cannot provide any guarantees on its correctness. To
actually provide a proper guarantee, we need a (mathematical) proof that shows that
each part of the system will behave according to its specification.

To verify such a system according to its specification, one can write down a proof
with pen and paper. Yet, this does not much more than document the designer’s
careful ideas behind the system design; the proof will, especially if quite informal,
most often subtly and unconsciously hide the error(s) in question. Instead, what is
needed is a proof that is fully formalised and rigorous, so much so that it is machine
checkable. This proof could be done in an interactive proof assistant, e.g. the Coq [59]
proof assistant. Even though such proof assistants provide a lot of help, writing such
rigorous proofs requires additional expertise and most often substantially more time
than it took to develop the actual system in the first place. The properties that need to
be proved are in some cases so complex that this is the only way to do so. But, quite
often the property of interest is so “simple” that the machine can prove it by itself.

In many cases, such auto-generated proofs are created by means of model checking
[57,1157]. This approach essentially boils down to checking all possible executions
of the system or its individual components by brute force. To do so, the system
is translated, either automatically or by hand, into a mathematical model where its
execution is well-defined and unambiguous. In turn, this model can be expanded into
a transition system (TS) with all the possible states that the model could find itself
in. By checking that the TS never exhibits undesired behaviour, one proves that the
model (and transitively, the system) is safe.

For example, Fig. [I.1]shows a four-state TS of a (Danish) traffic light. Of course,

TSince the published papers in Partalready include formal introductions to all relevant preliminary
theory, we will keep this introduction light. What is lost in formal rigour is hopefully instead gained in
an understanding of the bigger picture.
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@—»{ red, yellow H green }_.@

Figure 1.1: A simple transition system for a traffic light.

this particular TS ignores most of the internal logic inside of the traffic light. In
reality, each of the four states in Fig. consists of multiple states to keep track of
time and/or coordinate with other signals. If care is not taken, then the number of
states in such a TS can easily exceed the number of particles in the universe. Even
though a lot of work has been spent on taming this state-space explosion, e.g. by
accounting for interleaved execution in concurrent systems [84} (154} [194]] or finding
symmetries within the system [[148]], the resulting smaller TS is still often too large to
be computable in practice.

Even though it may not be possible to further decrease the number of states
without loosing vital information about the system’s behaviour, the way the states
are represented can still be made smaller. In most cases, whether the TS exhibits
the desired behaviour does not require an explicit enumeration of each of its states.
Instead, it suffices to merely reason about set of states. For example, a traffic light is
either red and/or (V) yellow or it is exclusively () green. This can be written as the
following Boolean formula which represents the four unique states in Fig.

(redVyellow)@®green . (1.1)

Such symbolic representations have been vital for automated reasoning about vast
(possibly even infinite) state spaces without running out of space or time.

To explore a TS symbolically, one has to design algorithms that reason about
such sets of states. For example, Fig. [I.2] provides a simple symbolic algorithm that
computes the set of reachable states in a TS. Starting with the initial set of states
(ts.initial on line 3), it computes the next set of states (line 6) to then finally
accumulate them together with the ones found previously (line 7). Key to doing so is
that the TS’s transitions have been translated into a Boolean relation (ts.relation

forward (ts):

prev = 0

curr := ts.initial

do:
prev := curr
curr := relnext(curr, ts.relation)
curr := prev U curr

while prev # curr
return curr

Figure 1.2: A simple symbolic algorithm to compute all reachable states in a TS.
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on line 6) between the variables that encode the current and next set of states. This
relation is used to compute the next set of states by means of the relational product
(relnext). This operation consists of an and (M), an existential quantification (3),
and a variable substitution ([x — y]) operation; we refer to Chapter [§] for the exact
details on the relational product. This computation is repeated until a fixpoint is
reached and no new states are found (line 8).

1.1 Binary Decision Diagrams

As shown in Table[I.1] one way to represent Eq. (I.1)) is by means of a truth table. For
each combination of true ('T) and false (1), this table encodes whether the formula
is satisfied. Yet, the size of this table is 2° = 8. In general, a truth table has an
exponential size with respect to the number of variables, n. If such a truth table was
used for symbolic model checking then nothing would be gained since it enumerates
all states (and non-states) one by one.

This table can also be represented as the binary tree in Fig.[I.3] Here, each node in
the tree contains one of the three colours. Each colour is treated as a Boolean decision
variable. The nodes have two outgoing directed edges (arcs): one arc (low) represents
said variable is set to | whereas the other (high) corresponds to it being assigned to T.
In other words, each node represents an if-then-else decision on the decision variable.

Table 1.1: Truth Table for Eq. l)

red yellow green

™
kel

FHP%H%%F'j

i
e e
i R

-ql @- 7] [0 el

Figure 1.3: Decision tree for Eq with decision variables red (r), yellow (y),
and green (g). High arcs are drawn sohd whereas low arcs are drawn dashed.
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Each path corresponds to a binary search for a specific row in Table In particular,
each path from the root to a T leaf corresponds to a unique satisfying assignment for
the Boolean formula. In terms of size, this tree consists of 2 -23 = 16 nodes and so
it is larger than the truth table in Table[I.1] In general, such a decision tree requires
2"*1 nodes to store a Boolean formula with 7 variables.

Reduction Rules

Looking at Fig. one will notice the following two redundancies:

1. There is no need to have 2" leaves (terminals) with values T and _L; one can
reuse the two unique terminals amongst its parents. Similarly, there are three
nodes with a decision on green that are equivalent. In general, dupliate subtrees
can be merged together. This turns the tree into a directed acyclic graph (DAG),
i.e. a diagram.

2. The right-most decision on yellow in Fig. has no effect on which terminal
is reached at the end. Such don’t care nodes may as well be skipped.

By exhaustively removing duplicates and don’t cares, one obtains the reduced binary
decision diagram [38] (reduced BDD) in Fig.

Whereas both the truth table and the decision tree have an exponential size, the
size of the reduced BDD is in many cases only polynomial with respect to the number
of variables. Of course, there could potentially be (almost) no redundancies in the
worst case. If so, the reduced BDD is (almost) the same as its decision tree. As is
evident from Table[I.T|and Fig.[I.3] this makes the BDD at most twice the size needed
to enumerate the corresponding truth table. Particular for symbolic model checking,
the BDDs are in the worst-case only as big as the explicit enumeration of all the
model’s states (up to a constant factor of two).

@nryg (b) g,y,r

Figure 1.4: Binary Decision Diagrams for Eq. (1.1 for decision variables red (r),
yellow (y), and green (g) and with two different variable orderings. High arcs are
drawn solid whereas low arcs are drawn dashed.
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Variable Ordering

In Figs. and [I.4al we considered the three variables in order of red, yellow, and
green. This makes Fig.[I.4a)an ordered BDD for Eq. (I.I)): each decision variable
occurs on all paths at most once and always according to some ordering, 7. It is so
common to use BDDs with the aforementioned two reduction rules and a variable
ordering that their usage is implied. That is, what are colloquially referred to as BDDs
are in fact reduced and ordered BDDs.

The main advantage of making BDDs ordered is that the accompanying BDD
algorithms can be implemented as quite simple and elegant recursive procedures [38]].
At an intuitive level, by imposing an ordering, BDDs are made akin to (minimised)
deterministic finite automata over binary words of fixed length n. Continuing this line
of intuition, computing the disjunction, or any other binary operation, is done via a
product construction of the two input BDDs. This is done by letting the BDD node
that is “most behind” with respect to its decision variable “catch up” to the other node
(see Chapter 3] for a more detailed and formal description).

As shown in Fig.[T.4b] the variable ordering can have an impact on the size of the
resulting BDD. Figure [9.4] (Chapter 0) shows an example of a Boolean formula that
has a polynomially or an exponentially sized BDD depending on the variable ordering
used. Furthermore, there exists Boolean formule where the corresponding BDD has
an exponential size no matter which variable ordering is applied [38]].

Canonicity

By making BDDs both ordered and reduced, the resulting BDDs become a canonical
representation of Boolean formula. That is, assuming 7 is fixed, two equivalent
Boolean formule, i.e. two formule with equivalent truth tables, will also share the
exact same ROBDD representation [38]]. For example, Eq. is equivalent to

(red A —~green)V (yellow A ~green) V (—red A —yellowAgreen) . (1.2)

Since Eq. (I.2) is equivalent to Eq. (I.T)), its truth table is also the one in Table [I.1] its
decision tree is the one in Fig.[I.3] and so Fig.[I.4d]is also the resulting BDD.

1.2 The Unique and Computation Tables

Due to the key role BDDs have had in scaling symbolic model checking (see also
Section [I.4)) to verify much larger models, a lot of attention has been given to the
design and performance of BDD implementations.

Unique Node Table

At the heart of almost all BDD implementations is the unique node table |33} [141]].
As shown in Fig.[I.5] this table allows one to manage the BDD node creation such
that BDD nodes are always reduced [33} [141]]. The first case (lines 3—4) ensures that



1
1
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make_node (x, high, low):
// Case: Don’t care
if low = high:
return low

// Case: Duplicate
if (unique_node_table[x, high, low] # null:
return unique_table[x, high, low]

// Case: New node
return unique_table[x, high, low] = new node(x, high, low)

Figure 1.5: The make_node function from [33] [141]]. This manages the creation of
new reduced BDD nodes (bdd) with decision variable x and high and low child by
means of a hash table, unique_table.

no suppressible BDD nodes are created. The second case (lines 7-8) mitigates the
construction of duplicate BDD nodes.

This decreases space usage since no redundant BDD nodes are constructed. Fur-
thermore, BDD nodes are fully shared between the individual BDDs that are con-
structed via the same unique node table. Since BDDs are a canonical representation of
Boolean formule and BDD nodes are shared, equivalence checking is a mere pointer-
comparison [33] [141]]. Hence, the unique node table provides an O(1) equivalence
checking operation for BDDs [33} [141]].

Due to it saving space and making equivalence checking for free, almost all
implementations of BDDs during the past 35 years have relied on a unique node table
to manage their BDD nodes [25} 150,165} 93, 119} 182]. Furthermore, this hash table’s
design has continuously been improved upon to further increase the performance of
BDD implementations [[65, (109} 121} [153]].

Computation Cache

A second hash table, a so-called computation cache [38]], is also used in almost
all BDD implementations to memoise [138] the results of previous computations
[250 150, 165, 193} [119, [182]. Assuming this computation cache is large enough, this
guarantees that the complexity of all BDD operations only depends on the size of its
inputs [38]. In the case of symbolic model checking this means that the performance
of the BDD operations does not depend on the number of states explored but merely
the size of the BDD which encodes them.

For example, consider once more the disjunction of two Boolean formule ¢ and
v represented by BDDs. As mentioned in Section [I.T] this algorithm is a product
construction of ¢’s and y’s BDDs and it is usually implemented recursively. The use
of the computation cache ensures that such a recursive algorithm uses only O(Ny - Ny)
time to compute the desired result, where Ny and Ny, are the respective sizes of
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¢ and v [33,138]]. Without the computation cache, the time to compute the result
would be exponential, since the recursion implicitly would unfold the BDD into the
corresponding decision tree.

Making the computation cache work well in practice is slightly more complicated.
The unique node table will inevitably contain a substantial number of dead BDD nodes.
These will have to be cleaned up at some point by means of a garbage collection
algorithm. Yet, freeing up these dead BDD nodes will invalidate the previous results
stored in the cache. Hence, garbage collection can greatly increase the running time
since the same subtrees end up being recomputed multiple times [33]]. Furthermore,
the cache is usually implemented as a lossy hash table, i.e. hash collisions result in
the previously stored value being overwritten [33]]. Hence, not only should the hash
function and the size of the computation cache be chosen carefully [33] but it may
also be beneficial to split the computation cache between separate groups of BDD
operations [[119]. The latter ensures that one operation cannot pollute the cache of
another. Finally, only the computational results that are potentially reused later ought
to be memoised [[153]]; otherwise, the computation cache is polluted with irrelevant
information [153]].

1.3 Beyond Binary Decision Diagrams

Reduced and Ordered BDDs were conceived by Bryant in 1986 38, 39] based on the
work on (unreduced and unordered) BDDs by Lee [117] and Akers [4]]. As described
in Section [I.2] the strength of BDD algorithms lies in their time complexity only
being dependent on the size of the input and output BDDs. Hence, a lot of attention
has been put towards making BDDs even smaller. Furthermore, their success (see
also Section[I.4)) has also spawned interest in applying them to non-Boolean domains.
What follows is a non-exhaustive list of such endeavours.

Complemented Edges

Madre and Billon [[124], and Karplus [[106] independently introduced in 1988 BDDs
with complemented edges (BCDDs). As shown in Fig. [[.6a] high arcs are possibly
marked (e on arcs in Fig. to denote the Boolean negation (—) of a subtree.
This allows one to reuse the same subtree to both represent the formula, ¢, and its
complement, —¢. Furthermore, it makes Boolean negation on BDDs an O(1) time
operation [124]].

Alternative Node Suppression

Rather than suppressing don’t cares as done in BDDs, Minato proposed in 1993
to instead suppress nodes where the T terminal is only reachable along its low arc
[140]. If the Boolean formula ¢ in question represents a sparse set, then such a
zero-suppressed decision diagrams (ZDDs, Fig. [1.6b) can be orders of magnitude
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(a) BCDD [106, (b)ZDD [140] (c)ZCDD [140] (d) ESRBDD [[15}189,[190]
124])

Figure 1.6: Variants of Binary Decision Diagrams for Eq. (1.1) for decision variables
red (r), yellow (y), and green (g).

smaller than the corresponding BDDs. The idea of complemented edges can also be
applied to ZDDs to further decrease their size (Fig. [140].

A lot of work has been put into merging the strengths of both BDDs and ZDDs. For
example, both Bryant [40] and Van Dijk [68] have proposed to combine the strengths
of both by marking consecutive blocks of variables affected by either suppression
rule. Babar, Jiang, Ciardo, and Miner [[15] and Thibault and Ghorbal [189, [190] take
this idea one step further with edge-specified BDDs (ESRBDD, Fig. [1.6d) where
an explicit list of suppression rules are stored on each arc, e.g. X for BDD-like
suppression, H | for ZDD-like suppression, and L, for the rule that is symmetric to
the one in ZDDs.

Non-binary Terminals

BDDs themselves and all of the variations we have covered above are only concerned
with the succinct representation of Boolean formule, i.e. n-ary functions B” — B over
the Boolean domain B = { L, T }. By allowing the terminal values to not only be T
or | but any value in the natural numbers, N, or the real numbers, R, one obtains

,// ><3
[OF ) oy
o]

(a) MTBDD [79] (b) EVDD [140]

Figure 1.7: Decision Diagrams for non-binary co-domains. The MTBDD and EVDD
both represent the function f(x,y,z) = 3x+ 2y —9z+ 2 (example taken from [113]]).
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(a) MDD [103] (b) LDD [140]

Figure 1.8: Decision Diagrams for non-binary domains and co-domains. The MDD
and LDD both represent the function g(x,y) = max(0,x —y) forx € {0,1,2}.

the class of multi-terminal decision diagrams [79] (MTBDDs, Fig. [I.7a). Unlike
BDDs, these can represent any function of the type B” — N or B” — R. This allows
MTBDDs to be used to succinctly represent matrices [79]], certain types of transition
systems [110]], and probabilistic systems [78, 88} [114].

Subtrees that only differ by an additive [[115]] and/or a multiplicative [[185]] factor
can also be merged together; the values by which these subtrees differ would then be
stored in the diagram’s arcs. Doing so turns an MTBDD into an edge-valued decision
diagrams (EVDDs, Fig.[1.7b). These can be several orders of magnitude smaller than
the corresponding MTBDD.

A special case of EVDDs are quantum multi-valued decision diagrams [139]
(QMDDs). These have proven to be a succinct representation of large matrices over
the complex domain [[139,[188]]. Hence, they are a vital tool for classical computers to
be able to reason about programs on quantum computers [188].

Non-binary Nodes

The class of MTBDDs can also be further extended into multi-valued decision dia-
grams [103]] (MDDs, Fig. to deal with functions of the type N" — N. To do so,
each BDD node has a non-binary number of outgoing arcs each of which is annotated
with the respective value assigned to the node’s variable.

List-decision diagrams [65] (LDDs, Fig.[1.8b) make the nodes of an MDD once
again binary by moving the variable’s value into the node itself. Doing so, eases
implementation and allows for more node sharing (for example, the decision on y =2
in Fig. [I.8b)). In the worst case, this is at most at the cost of a linear increase in the
diagram’s size compared to MDDs.
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1.4 The Rise and Fall (and Rise) of BDDs

The BDD Boom

Bryant initially developed BDDs in 1986 for applications to hardware verification
(38| 139]. His ideas were further developed by Madre and Billon [[124] in 1988. Burch,
Clarke, Long, McMillan, and Dill [46} 48] then truly showed in the beginning of the
1990s that BDDs could scale far beyond previous approaches for hardware verification.
In 1989, Bose and Fisher [32] applied BDDs to symbolic model checking of
CTL [57] formulae [46-48, |60]. In 1992, Burch, Clarke, McMillan, Dill, and
Hwang [47] showed how to generalise this to the more general formule from the
u-calculus 16,34, 91} 112} (156]. Using BDDs, they were able to reason about models
with more than 10%° states — models that still to this day are infeasible to enumerate
explicitly. Coudert, Berthet, and Madre (60, 61] further proved BDDs to be useful for
symbolic model checking by successfully applying them to Mealy machines [131].
These results made BDDs a staple for model checking throughout the 1990s.

In the Shadow of SAT Solvers

BDDs quickly lost their popularity as Biere, Cimatti, Clarke, and Zhu [27] and
McMillan [130]] published their impressive results on symbolic model checking via
Boolean Satisfiability (SAT) solvers at the turn of the millennium. At that point in
time, SAT solvers improved drastically thanks to the invention of conflict-driven
clause learning [[18} (128}, [146]] (CDCL). This has made SAT-based symbolic model
checking, with very good reason, supersede the BDD-based approach in many cases.

SAT solvers are, unlike BDDs, praised for being fully automatic. For example,
one does not have to find a variable ordering that makes computation possible. But,
saying that SAT solvers are “fully” automatic is an overstatement. SAT solvers
are restricted to handling Boolean formulz in conjunctive normal form (CNF). For
example, Eq. (I.I) has to be rewritten into the following a conjunction of three clauses,

(redVyellowVgreen)A(—redV —green) A (—yellowV —green) . (1.3)

While it is possible to automatically convert any Boolean formula into its CNF
representation [[192]], doing so obfuscates relevant structural information inside of a
formula which has to be rediscovered by the CDCL SAT solver [[150]. Furthermore,
the inclusion (or exclusion) of redundant clauses, i.e. clauses that are implied by
others, should be done with a lot of care. These clauses can guide or confuse the SAT
solver’s heuristics which in turn drastically changes its performance [[169]]. The order
in which these clauses are provided can also substantially affect the time a SAT solver
needs to process a formula [26]. In many ways, getting the most out of CDCL-based
SAT solvers requires, quite similar to BDDs, a detailed intuition about its strengths,
weaknesses, and peculiarities.

As stated by Cimatti et al. “BDD-based and SAT-based model checking are often
able to solve different classes of problems, and can therefore be seen as complementary
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techniques” [S5]]. That is, comparing BDDs to SAT solvers is like comparing apples
to oranges. Bryant, Biere and Heule’s recent work in [41-43]] (based on [98, [172]])
and especially in [45]] shows that the combination of BDD-based and CDCL-based
techniques has great potential to further push the current limits of SAT solvers.
Another example is the Q3B [97] library which uses BDDs to reason about bitvectors
on behalf of a SAT solver. In the case of symbolic model checking, the BDD-based
approach is, to this day, one of many useful ways to approach the problem of model
checking. The NuSMYV 2 [55], LTSMIN [104]], STORM [88], EPMC [78]], and many
other model checkers all can use BDD-based techniques when they are called for.

Contemporary Applications of BDDs

Due the many unique properties and their strengths, BDDs are still used to this day.
Lately, they have also found renewed interest.

Hardware Verification: Based on the ideas in [44, 136, [168]], BDDs are used at
Intel as a key part of their verification process for their CPU designs [99H101]].

Network Configuration: At Microsoft, BDDs are used to verify network configura-
tions, i.e. the rules put on routers and other small digital devices used to orchestrate
complex multi-layered networks [5, 16} (37, [122]]. In fact for this application, BDDs
scale better than SAT [122][7

Feature Models: Recently [1,[75], both BDDs and SAT solvers have been used to
validate configurations of feature models, i.e. models that describe the dependencies
and conflicts of different features of a system. A lot of work has been spent on deriving
a good variable ordering [75, [89]]. Based on [89]], more work needs to be done to
improve BDD-based reasoning on feature models.

Model Checking: As already mentioned, model checkers, such as NuSMV 2 [535]]
and LTSMIN [[104], still actively include and use BDD-based algorithms for symbolic
model checking. In the past two decades we have seen continuous efforts put towards
improving BDD-based symbolic model checking. For example, the simple algorithm
in Fig. [I.2] has been vastly improved in [35| 54, [66]. Furthermore, the first proper
symbolic algorithm to compute the strongly connected components of a TS was only
designed within the last few years [95,[116].

One can also reason about probabilistic systems symbolically. To this end, one
does not do binary reasoning of whether a state is in a given set of states but the
probability it is. This is possible by replacing BDDs with the MTBDDs or EVDDs
mentioned in Section[I.3] For example, the probabilistic model checkers PRISM [[114],
STORM [88]], and EPMC [78] all use MTBDD:s as a possible backend.

*There exists alternatives to BDDs, e.g. disjoint difference Normal Form [28], that are even better.
But, these suffer from the need to develop and maintain such niche data structures [37].
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To reason about distributed and concurrent systems, one would model these as
games with multiple players. BDDs are used to reason about such multi-agent systems
in the symbolic model checkers MCMAS [120]], MCK [[82]], and MCTK [184].

Cryptography and Security: The ZDDs shown in Section[I.3]have also been used
as the underlying data structure to implement polynomials over the Boolean ring. The
resulting tool, POLYBORT [36], is not only useful for verification purposes but also in
the area of cryptography [36].

Chadha, Mathur, and Schwooon used MTBDDs to analyse the leakage of private
data within a program by means of symbolic model checking techniques [52].

Program Analysis: Abstract interpretation [[102]] is one of the primary procedures
used within modern day compilers to do a static analysis of programs. Berndl et
al. [22] showed in 2003 that BDDs can provide an efficient backend for such an
analysis. In 2014, Beyer and Stahlbauer [24] added BDDs as a backend for the
CPACHECKER [23]] tool with moderate success. The same year, Lovato, Macedonio,
and Spoto [[123]] specially developed a thread-safe BDD package to support multi-
threaded abstract interpretation algorithms in the Julia Static Analyser [183]].

The Flix programming language uses a sophisticated Hindley-Milner type system
to provide multiple guarantees and non-trivial optimisations. To do so, its type system
uses Boolean effects [125]. Using a BDD-based backend inside of the compiler
to reason about these effects has allowed them to decrease the compiler’s memory
usage and its running time [126]]. Lately, they have switched to polynomials over the
Boolean ring. But, as PolyBoRi [36] shows, decision diagrams can compress these
polynomials and thereby further improve the compiler’s performance.

Quantum Computing: As also mentioned in Section a BDD-based approach,
in the form of QMDDs [[139], has proven to be vital to simulate and verify quantum
circuits on classical computers [[188].

Contemporary Developments of BDDs

Despite of their age, the most popular BDD packages are still to this day the
BuDDy [119] and the CUDD [[182]] libraries. In parts, this is because these libraries
support a wide number of BDD operations. In parts, this may be due to the human
labour involved in learning another BDD package is deemed not worth the benefits.
But, this is also because these two libraries are, despite their age, still highly optimised
and some of the fastest implementations [93, 1178 [180].

There has been progress on improving the performance of BDDs in the last ten
years. A lot of effort has been spent parallelising the unique node table and the
computation cache (Section [I.2)) [50} 65, 93] and to manage the many worker threads
[50L 165) 93]]. In 2016, Van Dijk and Van de Pol [65] were successful in creating a
fully multi-threaded implementation of BDDs capable of parallel BDD computations
without considerable thread congestions [65]. To this day, the resulting BDD package,
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Sylvan, still seems to be the best at utilising the many cores that are available on
modern CPU [93]. Not counting the BDD package presented in this thesis (see
Chapter [2)), at least four new BDD packages have been published during the past
five years: Lib-BDD [19]], PJBDD [25]], HermesBDD [50], and OxiDD [93]]. All
four support thread-safety whereas the last three also all focus on modularity and
multi-threading.

In 2023, Pastva and Henzinger [153]] showed that the performance of BDD pack-
ages has, with respect to the CPU’s speed, slowed down considerably during the past
decade. In other words, even though the CPUs have gotten faster, the performance
of BDD packages has not followed suit [153]. As was foreshadowed by Long [121]],
Klarlund [109] and especially Arge [10} 12] in the late 90s, this performance degrada-
tion is due to the fact that the unique node table and computation cache is not properly
designed with respect to the machine’s memory hierarchy [153]]. That is, BDD compu-
tations are on modern hardware bottlenecked by the speed by which arbitrary accesses
to data can be transferred from the RAM to the CPU [10} 12, |109,[153]]. This problem
is only exacerbated when BDD computation is multi-threaded.






Chapter 2

Contributions

Chapter [I] provides an introduction to the Binary Decision Diagram [38] (BDD)
data structure and its applications and challenges within the context of software
verification. Building on top of this, this chapter presents the research results and
other contributions to the research community that are the result of our work in the
past five years.

Even if BDDs (or any of its variants in Section [I.3)) are the right choice for a
certain model checking task, the transition system may turn out to be so large or
complex that the BDDs will grow beyond the machine’s RAM. At that point, the
BDDs will have to be stored on the disk. Yet compared to the machine’s RAM,
reading from and writing to the disk is extremely slow. This setting only exacerbates
the issue that was highlighted by Pastva and Henzinger [153]]: conventional BDD
implementations are plagued by the slowdown they experience due to cache misses.

The I/0O-model [2]] by Aggarwal and Vitter provides a theoretical framework with
which one can analyse the data transfers (I/Os), e.g. cache misses, induced by an
algorithm and its data structures; we refer to Section 2.1 in Chapter 3] for more details
on the I/O-model. Using this, Arge showed in 1995 that the issue highlighted by
Pastva and Henzinger [153] is fundamentally due to the reliance on recursion, a unique
node table, and computation caches [[10,12]. To mitigate this, he proposed to instead
design BDD algorithms based on time-forward processing 11, 53]]. This algorithmic
technique uses I/O-efficient priority queues to drastically decrease the number of 1/Os.
This is only at the cost of an additional log-factor in the running time. We refer to
Sections 2.2.1 to 3.2 in Chapter [3| for more details on Arge’s work.

This thesis follows up on Arge’s theoretical contributions in [10} [12f]. At its
simplest, the work presented here is an investigation into how his ideas can be fully
realised to create algorithms for symbolic model checking where one or more BDDs
have to be stored on the disk. Unlike [10, [12]], our work is not only concerned about
the algorithms in theory but also in practice. This places our contributions at the
intersection of formal methods, which provides the motivation and the benchmarks,
algorithmics, which provides the theoretical tools to design and analyse I/O-efficient
BDD algorithms, and algorithmic engineering, which is also concerned with the

17
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performance of the algorithms in practice.
The contributions of our work is threefold.

1. Building on top of Arge’s previous work, we improve upon and design new
time-forward processing algorithms for I/O-efficient BDD manipulation.

2. These 1/O-efficient algorithms have been implemented within a new, modern,
and production-grade BDD library.

3. We implement a reusable and extensible benchmarking suite for BDDs with
which one can evaluate the performance of different BDD implementations.

We describe these contributions in more details in the following three sections.

2.1 1/O-efficient Decision Diagram Manipulation

Part[[Icontains all of our research contributions which have been published. ChaptersH]
to @ i.e. publications [[175] [176, [181]], are reproduced as-is with permission from
Springer Nature. For consistency, all publications in Part [T are reproduced exactly as
they have been published. In the case of extended papers, we provide the version that
was published on arXiv.

In Part on the other hand, we provide new theoretical contributions which
address the two most pressing open problems that still remain.

PartIl Publications

As mentioned at the very beginning of Chapter [I] symbolic model checking with
BDDs depends on five Boolean operations. In Chapters and[8] we design I/O-
efficient time-forward processing algorithms for each of these operations. In particular,
we address the and (M), or (V) and equality (=) operators in Chapter [3] existential
quantification (3) in Chapter[7] and variable substitution ([x — y]) in Chapter[8] As a
result, these chapters provide a complete set of algorithms for I/O-efficient BDD-based
symbolic model checking.

In practice, our algorithms can compute efficiently on BDDs larger than the
machine’s RAM. Furthermore, when computing on moderately sized BDDs our algo-
rithms are only slightly slower than conventional BDD algorithms. This performance
is in many ways due to the efforts to improve the algorithms which have been docu-
mented in Chapters[3|and [5|to[8] These optimisations either pertain to changing the
algorithm based on some meta information about the BDD graph or to incorporate
one set of computations within another.

As Fig. 2.1 shows, we initially focused quite extensively on improving the per-
formance of the basic BDD algorithms in Chapter [3] We only proceeded onto the
more complex BDD operations in Chapters[7]and [ as performance was sufficiently
improved. This is due to the fact that the experimental results in Chapters [3] and [
indicated that our implementation had an abysmal performance on smaller BDDs. If
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Quantification (Nested Sweeping) (54

Chapter[§] ~  -----
Relational Product 2025

L
Figure 2.1: Overview of all published contributions. Contributions on the left pertain

to the theoretical design of I/O-efficient Decision Diagram algorithms whereas the
ones on the right pertain to improving practical performance.

left untreated, we expect these issues would have multiplied and tainted the perfor-
mance of the more complex BDD operations to a such a degree that the work would
have been unpublishable. In fact, as also mentioned in Chapter Smérek spend half
a year back in 2009 to also attempt to implement Arge’s algorithms [[174]]. But, the
performance of the resulting implementation was disappointing [174]. We strongly
believe that our prolonged focus on improving the algorithmic foundation has been
vital to making the resulting algorithms useful in practice.

While we provide the chapters in the chronological order of publication, Fig.
suggests an alternative non-chronological reading order. For the I/O-efficient BDD
algorithms, first read Chapter [3| (skipping Sections 3.4, 3.5, and 5.3.1 to 5.3.3),
Chapter [7] (skipping Sections 3.2 and 3.3) and finally Chapter [§] (skipping Section 3
after having read Propositions 1). For the many optimisations, read the remainder
of Chapter [3] then Chapters [5|and [6]and finally the remainders of Chapters[7]and [§]
Chapter [d which extends our algorithms to ZDDs, can be treated as optional material.

Chapter 3][179,180]: In this work, we investigate the foundations for how to apply
time-forward processing to BDD manipulation. One key contribution is the following.
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I/0-efficient Apply—Reduce: We simplify, improve upon, and implement Arge’s
I/O-efficient BDD algorithms. In particular, this covers an I/O-efficient and (/)
and or (V) which is needed for symbolic model checking.

This may only be tantamount to an incremental step on Arge’s theoretical contributions.
But, this chapter further provides the following improvements upon this foundation.

Unique Identifier: The time-forward processing technique is based on exploiting
a certain ordering on the BDD nodes. We show how this ordering can be reduced
to a mere integer comparison which is computationally cheap.

Levelised Priority Queue: In practice, a sorting algorithm is much faster than a
priority queue [144]]. We show how to (partially) replace the primary priority
queue within the time-forward processing algorithms with much faster sorting
steps. As a result, we improve the running time considerably.

Negation: Even though we keep things simple by not including complement
edges (see Section @, we show how to make negation (—) a constant-time
operation within this I/O-efficient setting.

Equality Checking: The 1/O-efficiency is at the cost of not using a unique
node table. As a result, equality checking (=), which is key for the fixpoint
computations in symbolic model checking, cannot be a constant-time operation.
A naive algorithm would be insufficient since it has a quadratic running time.

- Based on the canonicity of BDDs [38]] (see also Section [I.T]), we are
able to decrease the time and I/O complexity to only be linearithmic. In
practice, this improves the performance of equality checking by an order
of magnitude. Coincidentally, this algorithm has also been proposed by
Hellings, Fletcher, and Haverkort [87]. But, it has been independently
rediscovered by us.

— Furthermore, we show that the time-forward processing algorithms pro-
duce BDDs that adhere to a much stricter definition of canonicity than the
one in [38]]. As a result, a mere linear bit-wise comparison is sufficient. In
the setting without a unique table, this is optimal — not only asymptotically
but also with respect to the constant. In practice, this algorithm is one
additional order of magnitude faster than a naive solution. In fact, it is so
fast it computes the answer virtually instantaneously.

As aresult of all these contributions, we present the Adiar BDD package which can,
unlike conventional BDD packages, efficiently compute on huge BDDs beyond the
limits of the machine’s main memory. If the BDDs are large but still fit inside of the
RAM, Adiar is only a small constant of four slower than the most popular conventional
implementations.

This work was published at the International Conference on Tools and Algorithms
for the Construction and Analysis of Systems (TACAS *22). We provide the full paper
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that was published on arXiv. This includes the proofs and details left out of [[180] due
to limited space. In particular this is the proof of the equality checking algorithms
in Section 3.3.3, the levelised priority queue in Section 3.4, the unique identifier in
Section 3.5, and additional experiments on the improvements made on Arge’s original
algorithm in Section 5.

Chapter [ [176]: We show how the ideas presented in Chapter [3]can be generalized
to also cover Zero-suppressed Decision Diagrams [140] (ZDDs, Section [I.3).

1/O-efficient Apply—Reduce: We show how the algorithms from Chapter [3|can
be modularised in two parts. The first part is completely oblivious to the use
of time-forward processing. Instead, it is merely concerned with the diagram’s
semantics and it dictates whereto recurse. These recursion requests are managed
by the second part to make the algorithm I/O-efficient.

This work was published at the NASA Formal Methods Symposium (NFM ’23).

Chapter [5][175,[177]: The experiments for Chapters [3|and @] reveal that the perfor-
mance of our algorithms are in practice affected by the amount of RAM available.
This is due to the fact that the I/O-efficient data structures need time to allocate internal
memory. If it it was possible to compute a priori whether these data structures will
not exceed main memory then they can safely be replaced with cheaper alternatives
that do not have such a high initialisation cost.

To address this, we provide the following contribution.

Levelised Cuts: We rephrase the question of how large the priority queue may
be into a graph-theoretic problem. In particular, we show it corresponds to
graph cuts with a particular shape in the BDD DAG.

— Given (upper bounds of) these cuts in the input BDDs, we prove upper
bounds on the corresponding cut in the output.

— We show how to compute (over-approximations of) these cuts for free as
part of the other algorithms.

Doing so, we improve the performance of our algorithms across the board. Perfor-
mance improves in particular by up to several orders of magnitude for moderate BDD
sizes. As a result, the BDD size needed for our algorithms to be competitive with
conventional BDD libraries is now much smaller.

This was published at the International Symposium on Automated Technology for
Verification and Analysis (ATVA 23). We provide here the full version published on
arXiv which includes theorems and proofs left out of [[175]] due to space constraints.
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Chapter [6][181]: In Chapter[5] we show how to safely change the underlying data
structures based on meta information about the BDD. In this chapter, we instead
show how to change the algorithm itself. In particular, we provide the following
contribution.

Levelised Random Access: We show that if the BDD is “narrow” relative to
the size of main memory then the time-forward processing algorithms can
omit their secondary priority queue(s). Instead, it can do random access into a
confined window of the BDD(s).

This further improves our algorithm’s performance. In particular, it considerably
improves the running time for the large and huge instances.

These results were published at the International Symposium on Model Checking
Software (SPIN ’24).

Chapter [7|[178]: As such, the algorithms in Chapter [3| also includes support for
existential quantification (3) which is key for symbolic model checking applications.
But, that algorithm can only deal with the quantification of a single variable at a time.

To support quantification of multiple variables at once and other complex BDD
operations, this work provides the following two key contributions.

Nested Sweeping: We design a framework with which multiple time-forward
processing algorithms can work in tandem by passing information between
each other.

1/O-efficient Multi-variable Quantification: Using the nested sweeping frame-
work, we design a multi-variable quantification algorithm. To this end, we also
identify multiple optimisations particular to this operation.

In practice, this extends our previous performance results in Chapters [3|to[6]to also
apply to the quantification operations. In particular, this allows us to use Adiar to
solve quantified Boolean formula (QBFs).

At the current time of writing, this work has only been self-published on arXiv in
2024. A slightly shorter version is submitted to an international conference.

Chapter[8; With Chapters [3] and [7] we have covered all BDD operations needed
for symbolic model checking but variable substitution ([x — y]). In this chapter, we
provide the following two contributions as a final step towards I/O-efficient symbolic
model checking.

I/O-efficient Variable Substitution: In the context of symbolic model checking,
we notice that all variable substitutions are monotone with respect to the variable
ordering. Using this, we design an optimal standalone algorithm for variable
substitution. Furthermore, we show how to include the substitution operation
inside of the surrounding operations “for free”.



2.1. I/O-EFFICIENT DECISION DIAGRAM MANIPULATION 23

A combined and-exists: We investigate different ways to merge the and ()
operation with existential quantification (3) to further save on computation time
and I/Os.

We provide as a result of this work an I/O-efficient relational product. Hence, this
chapter finally provides an evaluation of our algorithms on symbolic model checking
applications. In comparison to conventional BDD libraries, our implementation is
about one order of magnitude slower in practice. This is worse than the results in
Chapters [3|and[7] As also mentioned in Chapter[8] based on the results of Van Dijk et
al. [193]], this gives reason to believe that existential quantification (3) can be further
integrated into the and (/) operation.

This work has only been self-published on arXiv in 2025. Based on feedback from
peer reviews when submitting it to an international conference, we need to address
performance issues on smaller instances (Chapter [TT]) and maybe also on the larger
ones to make this publishable.

Part[[Ill Future Work

These chapters provide unpublished work which addresses the most important research
directions that have still been left to be resolved. What mainly sets these chapters apart
from the ones in Part[[l]is the lack of an implementation and hence an experimental
evaluation. Doing so is left as future work and would result in making Adiar into a
BDD package that is on-par with others both in terms of features and performance.

Chapter 9t In this chapter, we design algorithms to I/O-efficiently replace a BDD’s
variable order with another.

I/O-efficient Variable Substitution: We provide an algorithm that, unlike the one
in Chapter [§] is capable of dealing with arbitrary variable substitutions. This
also provides a way to switch to any arbitrary variable ordering.

Jumps and Exchanges: We design an asymptotically much faster algorithms for
the case where the variable substitution only includes (disjoint) variable jumps
and/or exchanges.

Swaps: We provide similar improvements if the variable substitution only
consists of adjacent variable swaps.

This proves that our I/O-efficient approach is capable of dealing with BDD variable
orderings at least on-par with conventional BDD operations.

Chapter[10; In this chapter, we repurpose the algorithms from Chapter [9]to imple-
ment the search for an optimal variable ordering of a BDD. In particular, we cover the
following three methods.
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Metaheuristics: We provide an overview of the metaheuristics that have been
used previously to do BDD variable reordering. Furthermore, we show this
can be translated into the context of I/O-efficient variable reordering via the
algorithms from Chapter 9]

Sifting: We show how the algorithm in Chapter [9]for jumps can be repurposed
to implement Rudell’s famous sifting algorithm [161]] within the context of
I/O-efficient BDD manipulation.

Farallel Sifting: To further improve the asymptotic performance, we also de-
scribe how to use adjacent variable swaps algorithm from Chapter [Jto imple-
ment a sifting-like procedure. The result is in many ways akin to Felt’s et al.
2-window algorithm [77].

This proves it possible to do variable reordering efficiently in external memory, even
though the BDDs from Chapter [3|are stored in a radically different way.

Chapter I1I: We successfully dealt with large BDDs In Chapter [3] and scaled it
down to moderate instances in Chapter[5] This leaves the small instances, where the
conventional algorithms are much faster.

To address this, we suggest the following.

Time-forwarding across a Unique Node Table: We show how the time-forward
processing algorithms from Chapters [3] and [6] can be adapted to use a unique
node table as an input and/or the output.

As a result, we show how our time-forward processing algorithms themselves can
bridge between the recursive algorithms at the small scale and our I/O-efficient
approach at the large scale. If implemented, this would make Adiar a BDD package
that is efficient across the entire spectrum of BDD sizes.

This is of course not an exhaustive list of all future work left. But, these chapters
address the most pressing remaining issues. This being the case is especially evident in
the feedback on our work in Part[[l|by peer reviewers, i.e. the community, consistently
include requests to resolve variable ordering and performance on small instances.

Part [[TT] does not cover how to add some other BDD operations, e.g. functional
composition. Yet, these are possible via the nested sweeping framework in Chapter 7]
Part [[II| neither includes how to extend our I/O-efficient algorithms to also support
the other variants of BDDs such as the ones in Section[I.3] Yet, our approach easily
extends to BDDs with complement edges [[106, [124]] and multi-terminal [[79]], edge-
valued [[115} [185]], quantum multi-valued [[139], list [65]], and many other types of
decision diagrams. In fact, Adiar’s codebase has already been written with these
features and extensions in mind.
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2.2 Adiar: An External Memory BDD Library

To evaluate the algorithms and optimisations in Part[[T, we have implemented them
in C++ on top of the TPIE [144] [196]] library which, among other things, provides
an I/O-efficient implementation of files, sorting algorithms, and priority queues. The
result of our efforts is the BDD package Adiar which is publicly available under a
permissive license at the following URL:

github.com/ssoelvsten/adiar

Adiar is implemented as a high-quality production-ready BDD library. In part,
this is to ensure that our experimental results are meaningful; there is little value in our
algorithms being faster than other BDD implementations if it is at the cost of making
them unusable in practice. Furthermore, the use of proper software engineering
practices when implementing Adiar follows the notion of “slow is smooth, smooth is
fast” advocated by the Navy SEALs and others. In particular, if the implementation
was treated as a prototype, then bugs would be harder to find and technical debt would
accumulate. Both would in the long run slow down implementation and any progress
towards obtaining the research results in Part [[I}

What follows is an overview of some aspects of Adiar that have not been given
much or any attention in our published papers. Not only have these aspects supported
its long-term development but they also increase the value it provides to the research
community.

Modular Design

Adiar is implemented with a highly modular design. In Chapter[d][[176] this allows it to
support both BDDs and ZDDs by separating the logic specific to each kind of decision
diagram from the external memory approach that are used to manipulate them both.
Modularity further allowed us to implement levelised cuts in Chapter 5] [175|177] and
levelised random access in Chapter[6] [I81] with few lines of code and without any
code duplication. In fact, this modularity allowed us to implement levelised random
access in a single week. Finally, the highly modular design allowed use to implement
the nested sweeping framework in Chapter[7][178]] with only ~ 1.300 lines of reusable
templated C++ code.

At current time of writing, Adiar consist of ~ 19.000 lines of C++ code which has
been extensively documented and already designed with multiple extensions in mind,
e.g. Chapters [0 and [[0]and the many variations of decision diagrams in Section [[.3]

Unit and System Testing

Adiar’s modular design also allows each component to be tested in isolation. Each
data type, auxiliary data structure, and algorithm has been thoroughly unit tested
as part of their development. At the current time of writing, Adiar’s source code is
accompanied by a total of 3.462 hand-crafted unit tests that collectively provide a


https://github.com/ssoelvsten/adiar

26 CHAPTER 2. CONTRIBUTIONS

code coverage of 97%; the remaining few percent are either aliases of other functions
or branches that require large decision diagrams to be executed. These lines of code
are easily checked by hand.

Furthermore, the many benchmarks created for the experimental evaluations in
Part[[] have been repurposed as system integration tests. These catch obscure bugs
that upon discovery have been turned into unit tests. Furthermore, they have allowed
us to keep track of the library’s performance after each code change.

A Generic and Flexible API

Great care has also been made to make Adiar’s API generic, support multiple use-
cases, and to follow the C++ programming style. The three examples below show
how this addresses issues in the C++ API of other popular BDD packages.

Variable Substitution Figure [2.2] shows the function for variable substitution
([x — y]) in the C++ APIs of Adiar v2.1, BuDDy v2.4, and Sylvan v1.8. See
also Chapters [§and [9] for more details on this function.

BuDDy requires the user to specify the substitution as a bddPair®, a data structure
particular to BuDDy. This list of pairs has to be constructed using the bdd_newpair
and bdd_setpair functions from BuDDy’s C API. Since it is not part of its C++ API,
the list of pairs also has to be manually memory managed by means of bdd_freepair.

Sylvan’s API is slightly better in this regard. Here, the memory for the variable
pairs is managed by means of the lifetime of the two std: :vectors provided as
arguments. Yet, this API forces one to provide the pairs as two separate vectors,
from and to. One cannot provide a list of pairs, i.e. a single std: :vector<. . .> of
std::pair<uint32_t,uint32_t>. One can neither use any other data structure,
e.g.a std: :set, even if it would better fit one’s use-case. Not only that, but one has
to provide two vectors of unsigned 32-bit integers. The compiler will complain, if
one provides a vector with any other integral type, signed or unsigned. Hence, the
end user is either forced to convert their own data structure or to design their entire
application such that it uses the data structure dictated by Sylvan.

// Adiar
bdd bdd_replace (bdd&, std :: function<int(int)>&)

// BuDDy
bdd bdd_replace (bdd&, bddPair )

// Sylvan
Bdd Bdd:: Permute (std :: vector<uint32_t>& from,
std :: vector<uint32_t>& to)

Figure 2.2: API for Variable Substitution in different BDD packages
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// Adiar

bdd bdd_exists (bdd&, int)

bdd bdd_exists (bdd&, predicate<int>&)

bdd bdd_exists (bdd&, generator<int>&)

bdd bdd_exists (bdd&, Inputlt begin, Inputlt end)

// BuDDy
bdd bdd_exist(bdd&, bdd&)

// CUDD
BDD BDD:: ExistAbstract (BDD&)

// Sylvan
Bdd Bdd:: ExistAbstract (BddSet&)

Figure 2.3: API for Existential Quantification in different BDD packages

Adiar’s API, on the other hand, represents the variable substitution as a function
of type int — int. Doing so, the user can provide a function that looks up the result
in any data structure they like. This also implicitly handles any conversion of integers,
unlike the requirement on using uint32_t for Sylvan. Furthermore, it also allows
one to provide simple substitutions that are quicker to compute on the fly than to store.
For example, one can provide the substitutions x — x — 1 and x +— x —n/2 which are
used a lot within symbolic model checking applications.

Existential Quantification Figure shows the API for existential quantification
in Adiar v2.1, BuDDy v2.4, CUDD v3.0, and Sylvan v1.8. What quickly becomes
apparent is that Adiar makes heavy use of overloading to provide different ways to
specify the to-be quantified variables. BuDDy, CUDD, and Sylvan, on the other
hand, require the user to provide these variables as another BDD. Similar to variable
substitution discussed above, this forces the end-user to implement a conversion
from their own data structure(s) into a symbolic representation. Furthermore, such
an interface is not intuitive to the end-user — why should the set of to-be quantified
variables be provided as a Boolean formula?

Adiar’s API on the other hand, provides multiple generalised methods of input.
If only a single variable needs to be quantified, then one merely has to provide its
identifier (int). Otherwise, one can provide a predicate (predicate<int>) or a
co-routine (generator<int>), i.e. a function that respectively identifies or generates
the to-be quantified variables. This provides an easy way to integrate Adiar with any
data structure of ones choosing. In C++, said data structure would usually provide
iterators. Hence, Adiar also allows the user to provide the variables in the idiomatic
way for C++ by means of a pair of iterators, begin and end.
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// Adiar
bdd bdd_satmin (bdd&)
void bdd_satmin (bdd&, consumer<pair<int, bool>>&)

Outputlt bdd_satmin(bdd&, Outputlt iter)

// CUDD
BDD BDD:: PickOneMinterm (std :: vector <BDD>)
void BDD:: PickOneCube (char )

// Sylvan
Bdd Bdd :: PickOneCube ()
std :: vector <bool> Bdd:: PickOneCube (BddSet&)

Figure 2.4: API for Picking a Satisfying Cube in different BDD packages

Satisfying Assignment Where Figs.[2.2]and [2.3] were examples of the user passing
input to the BDD library, Fig. shows the functions in Adiar v2.1, CUDD v3.0, and
Sylvan v1.8 for passing information back out. In particular, we show their respective
functions to obtain a cube of satisfying assignment(s).

All three BDD packages support a symbolic output, i.e. a return value of type
BDD. In the case of CUDD, the user has to provide the variables of interest as a
std: :vector of BDDs to the BDD: :PickOneMinterm member function. Similar to
the other two examples above, this again restricts the user’s choice of data structure.
Also similar to quantification, this cannot be said to be intuitive: this treats BDDs both
as Boolean formula and also as individual variables.

If the user wants to obtain a non-symbolic representation of the satisfying as-
signment, CUDD requires the user to provide a C-style output array (char¥*). This
means the user will have to use escape hatches from the C++ abstractions, e.g. the
data() member function of a std: :vector<char>. In turn, this lets go of the
memory management in C++ data structures. For example, the user has to remember
to reserve() enough memory in a std: : vector to fit the entire output. Otherwise,
they would get a segmentation fault. In Sylvan, managing the C-style array is at least
taken care of by the BDD library itself. Yet, to obtain it, the user has to provide the
set of BDD variables they are interested in. They then have to manually infer which
variable corresponds to which index in the std: : vector that was returned. In Adiar,
on the other hand, the user can pass the output to any data structure of their liking by
providing a consumer function. This callback function also includes the variable in
question. Alternatively, the user can also obtain the output by means of iterators, e.g.
one can use a std: :back_inserter for a std::vector or a std: :inserter for
a std: :map.

Low-level Performance

The most popular BDD libraries, e.g. CUDD [182] and Sylvan [65], are also the result
of many engineering hours spent on tweaking their performance. Hence, Adiar also
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inline ptr_uint64 cnot(ptr_uint64& p, bool negate)

{
uint64_t shifted_negate =

((uint64_t) negate) << ptr_uint64 :: data_shift;

return p.is_terminal () ? p._raw " shifted_negate : p._raw;

}

Figure 2.5: Conditional Negation of a Unique Identifier.

includes such low-level tweaks to make the comparison in Part [[ as fair as possible.

One place where this becomes very apparent is the unique identifier described in
Chapter[3][[179]. Intuitively, a unique identifier is a pointer with additional information.
As shown in, Fig. 10 of Chapter [3] this is implemented by means of bit-manipulation
of a single 64-bit unsigned integer; the exact bit-layout has changed slightly with
Chapter [5 [175] and Chapter 7] [178] but the key idea persists.

These unique identifiers are implemented in Adiar with the ptr_uint64 class
and can be manipulated in various ways. For example, the on-the-fly negation of
terminals (see Section 3.3 in Chapter [3] for more details) is implemented with the
conditional negation (cnot) operation shown in Fig.

Since this function is so short and is run extensively, the relative overhead of
calling this function is considerable. Hence, all functions for the ptr_uint64 class,
including cnot, are provided as inline functions in a header file directly. This allows
the compiler to include the content of these function content as part of the surrounding
algorithms. This improves Adiar’s performance by ~ 6%.

The cnot operation works by abusing the fact that the Boolean variable negate
is guaranteed to be O or 1. Hence, the Boolean can be converted to a 64-bit unsigned
integer, shifted to the correct bit-position (< <), and then be used to flip the terminal
value with a single exclusive or (*) operation. This requires 2 CPU cycles to compute.
Furthermore, this skips a branching statement on which terminal value p contains.
This is quite important since branch mispredictions can have a major impact on
performance. In fact, the cnot in Fig. 2.5 can be computed without any branching
since the ternary expression (... ? ... : ...) can be turned into a conditional
move (cmov) instruction.

Another example is the shift_replace function on ptr_uint64. This imple-
ments the affine variable substitution in Chapter [§] It has been written with just as
much attention to the final machine instructions as the cnot function. Where a naive
implementation uses 16 machine instructions and 4 branches, our implementation
uses only 12 instructions and a single branch. The one remaining branching statement
can also be turned into a conditional move instruction.
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2.3 A BDD Benchmarking Suite

To the best of our knowledge, there has at no point throughout the past 35 years
been created a common set of benchmarks for BDD packages. While the Model
Checking Contest [111] and the ISCAS [86], IWLS [7], EPFL [8] and other benchmark
collections provide real-world inputs, no one has designed a set of easy-to-extend
BDD-based applications with which to solve them.

This has put the burden onto each BDD package’s developer to implement a
set of benchmarks. Yet, creating and designing such benchmarks has, for various
reasons, been given small amounts of attention. As a result, many publications on
BDD packages include quite unsatisfactory experimental evaluations. As recently
pointed out by Pastva and Henzinger, a considerable number of publications on new
BDDs packages are only evaluated on “pathological worst-case” examples [153]].

For example, all three BDD packages in [25 [50]], and [113ﬂ are evaluated
on the n-queens problem. Since they share an evaluation on the same problem, one
would at least expect that a coarse-grained comparison is possible after a quick glance
at the papers. But, this is not the case since the same problem is solved in different
ways. For example, the evaluation in [25] uses a CNF-based encoding which is not
well-suited for BDDs. In [50} [113], a BDD-friendly encoding is used instead. As a
result, the space usage and running times in [[113] and [25] are incomparable.

Furthermore, to compare with other BDD packages, the n-queens benchmark was
in [25] implemented separately for each BDD package. If care is not taken while
implementing or updating these duplicated implementations, there could be a small
but important difference between each. This could potentially nullify the validity of
the experimental results.

An Extensible and Reusable Benchmarking Suite for BDDs

As part of implementing yet another BDD package, we also had to implement yet
another set of benchmarks. But, we did so with the following goals in mind:

* The respective benchmarks and BDD implementations should be modularised
such that the benchmarks are independent of the BDD packages. This guaran-
tees that each BDD package will run the exact same set of BDD operations.

* It should be simple to set up, use, and to extend with your own BDD package.

* This modularity should only exist at compile-time. The final executable should
be equivalent to having hand-written an implementation for each BDD package.

*The following ought to be noted in defence of PJBDD [25]]. The accompanying artifact shows that
an earlier version of [25] paper was submitted to the international conference on Tools and Algorithms
for the Construction and Analysis of Systems. Most importantly, this earlier version of the artifact also
includes an integration of PJBDD into the CPACHECKER [23]] verification tool.

TKunkle, Slavici and Cooperman also evaluate their BDD package on a second combinatorial
problem. But, this second problem is also a “pathological worst-case”.
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* The benchmarks ought to include enough features to be representative of real-
world applications of BDDs.

* The benchmarks should, on the other hand, stay as simple as possible to not
complicate the interpretation of the experimental results.

The resulting nine benchmarks have been designed to focus on the relevant BDD
operations in each respective chapter of Part[[ll Furthermore, we have tried to provide
a wide range of use-cases. In particular, these benchmarks not only cover singular
BDD operations or combinatorial problems but they also include an equality checking
of Boolean circuits, a solver for quantified Boolean formula (which are a superset of
SAT problems), and the foundations for a model checker.

The benchmarks are made independent of the respective BDD package via
adapters, i.e. header-only C++ classes that translate a common interface into the
function(s) in each respective BDD package. Next to Adiar, we have implemented
adapters for the depth-first BDD packages BuDDy [119], CUDD [[182], and Syl-
van [65]]. Furthermore, thanks to loannis Filippidis and Tom van Dijk, we have
obtained the source code for CAL [165]]. After having caught up with 20 years of no
maintenance, we have both revived CAL and added it to the benchmarking suite.

The entire benchmarking suite is publicly available at the following git repository.

github.com/ssoelvsten/bdd-benchmark

For the evaluation of the OxiDD [93]] BDD package, this benchmarking suite was
extended by Nils Husung with adapters for the Lib-BDD [19] and OxiDD [93] BDD
libraries. To follow-up on the results in [75], he also extended the benchmarking suite
with a CNF SAT benchmark.

Future Work

This benchmarking suite can be extended with additional real-world applications
such as the analysis of network configurations in [} |6} 37, [122], and a simplified
solver for Flix’s type system in [[125}126]. The latter also addresses the current bias
in the benchmarks towards large-scale BDD computations. Furthermore, while it
currently only includes BDD packages written in C [65 (119} [165][182], C++ [[180],
or Rust [19, 93], it can use BDD libraries from other languages, e.g. JDD [193],
BeeDeeDee [123]], and PJBDD [25]] in Java via the Java Native Interface.

This benchmarking suite can also be reused for the following projects.

* BDD Survey: Itis 27 years ago that Yang et al. [199] published their thorough
experimental study on BDD performance. This benchmarking suite — especially
if even more benchmarks are added — could be used as the foundation for an
updated study on BDD performance and applications.
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* BDD Fuzzing: Similar to property-based testing with QuickCheck [56]], we can
automatically generate BDDs and then check whether two BDD implementa-
tions agree on the result of a BDD operation. To generate useful BDDs, we can
derive probability distribution based on the many unit tests for Adiar.

* BDD Competition: The SAT community has seen vast improvements in the per-

formance of their solvers due to an annual competition. A similar competition
could potentially push the performance of BDD packages just as much.

Our benchmark implementations can be used for the initial creation of inputs
for such a competition.
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Abstract

We follow up on the idea of Lars Arge to rephrase the Reduce and
Apply procedures of Binary Decision Diagrams (BDDs) as iterative I/O-
efficient algorithms. We identify multiple avenues to simplify and improve
the performance of his proposed algorithms. Furthermore, we extend the
technique to other common BDD operations, many of which are not deriv-
able using Apply operations alone, and we provide asymptotic improve-
ments for the procedures that can be derived using Apply.

These algorithms are implemented in a new BDD package, named
Adiar. We see very promising results when comparing the performance
of Adiar with conventional BDD packages that use recursive depth-first
algorithms. For instances larger than 8.2 GiB!, our algorithms, in parts
using the disk, are 1.47 to 3.69 times slower compared to CUDD and
Sylvan, exclusively using main memory. Yet, our proposed techniques are
able to obtain this performance at a fraction of the main memory needed
by conventional BDD packages to function. Furthermore, with Adiar we
are able to manipulate BDDs that outgrow main memory and so surpass
the limits of other BDD packages.

arXiv:2104.12101v6 [cs.DS] 19 Feb 2025

1 Introduction

A Binary Decision Diagram (BDD) provides a canonical and concise representa-
tion of a boolean function as an acyclic rooted graph. This turns manipulation
of boolean functions into manipulation of directed acyclic graphs [10, 11].

*This is the full version of the TACAS 2022 paper [42]

LAn error in the data analysis of resulted in this threshold being reported as 9.5 GiB
in [42]. This larger number was the maximum size of the entire BDD forest rather than only
the largest single BDD as was intended.
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Their ability to compress the representation of a boolean function has made
them widely used within the field of verification. BDDs have especially found use
in model checking, since they can efficiently represent both the set of states and
the state-transition function [11]. Examples are the symbolic model checkers
NuSMV [17,18], MCK [22], LTSMIN [25], and MCMAS [31] and the recently
envisioned symbolic model checking algorithms for CTL* in [3] and for CTLK
in [24]. Bryant and Marijn [13-15] also recently devised how to use BDDs
to construct extended resolution proofs to verify the result of SAT and QBF-
solvers. Hence, continuous research effort is devoted to improve the performance
of this data structure. For example, despite the fact that BDDs were initially
envisioned back in 1986, BDD manipulation was first parallelised in 2014 by
Velev and Gao [44] for the GPU and in 2016 by Dijk and Van de Pol [19] for
multi-core processors [12].

The most widely used implementations of decision diagrams make use of re-
cursive depth-first algorithms and a unique node table [9,19,26,30,43]. Lookup
of nodes in this table and following pointers in the data structure during recur-
sion both pause the entire computation while missing data is fetched [27, 34].
For large enough instances, data has to reside on disk and the resulting I/O-
operations that ensue become the bottle-neck. So in practice, the limit of the
computer’s main memory becomes the limit on the size of the BDDs.

1.1 Related Work

Prior work has been done to overcome the I/Os spent while computing on
BDDs. Ben-David et al. [8] and Grumberg, Heyman, and Schuster [23] have
made distributed symbolic model checking algorithms that split the set of states
between multiple computation nodes. This makes the BDD on each machine of
a manageable size, yet it only moves the problem from upgrading main memory
of a single machine to expanding the number of machines. David Long [32]
achieved a performance increase of a factor of two by blocking all nodes in
the unique node table based on their time of creation, i.e. with a depth-first
blocking. But, in [6] this was shown to only improve the worst-case behaviour
by a constant. Minato and Ishihara [34] got BDD manipulation to work on
disk by serializing the depth-first traversal of the BDDs, where hash tables in
main memory were used to identify prior visited nodes in the input and output
streams. With limited main memory these tables could not identify all prior
constructed nodes and so the serialization may include the same subgraphs
multiple times. This breaks canonicity of the BDDs and may also in the worst-
case result in an exponential increase of the constructed BDDs.

Ochi, Yasuoka, and Yajima [37] made in 1993 the BDD manipulation al-
gorithms breadth-first to thereby exploit a levelwise locality on disk. Their
technique has been heavily improved by Ashar and Cheong [7] in 1994 and fur-
ther improved by Sanghavi et al. [40] in 1996 to produce the BDD library CAL
capable of manipulating BDDs larger than the main memory. Kunkle, Slavici
and Cooperman [29] extended in 2010 the breadth-first approach to distributed
BDD manipulation.
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The breadth-first algorithms in [7,37,40] are not optimal in the I/O-model,
since they still use a single hash table for each level. This works well in practice,
as long as a single level of the BDD can fit into main memory. If not, they still
exhibit the same worst-case I/O behaviour as other algorithms [6].

In 1995, Arge [5,6] proposed optimal I/O algorithms for the basic BDD
operations Apply and Reduce. To this end, he dropped all use of hash tables.
Instead, he exploited a total and topological ordering of all nodes within the
graph. This is used to store all recursion requests in priority queues, s.t. they
are synchronized with the iteration through the sorted input stream of nodes.
Martin Smérek attempted to implement these algorithms in 2009 exactly as
they were described in [5,6]. But, the performance of the resulting external
memory symbolic model checking algorithms was disapointing, since the size of
the unreduced BDD and the number of isomorphic nodes to merge grew too
large and unwieldy in practice [personal communication, Sep 2021].

1.2 Contributions

Our work directly follows up on the theoretical contributions of Arge in [5,6]. We
simplify his I/O-optimal Apply and Reduce algorithms. In particular, we modify
the intermediate representation, to prevent data duplication and to save on the
number of sorting operations. Furthermore, we are able to prune the output
of the Apply and decrease the number of elements needed to be placed in the
priority queue of Reduce, which in practice improves space use and running time
performance. We also provide I/O-efficient versions of several other standard
BDD operations, where we obtain asymptotic improvements for the operations
that are derivable from Apply. Finally, we reduce the ordering of nodes to a
mere ordering of integers and we propose a priority queue specially designed for
these BDD algorithms, to obtain a considerable constant factor improvement in
performance.

Our proposed algorithms and data structures have been implemented to
create a new easy-to-use and open-source BDD package, named Adiar. Our
experimental evaluation shows that these techniques enable the manipulation
of BDDs larger than the given main memory, with only an acceptable slowdown
compared to a conventional BDD package running exclusively in main memory.

1.3 Overview

The rest of the paper is organised as follows. Section 2 covers preliminaries
on the I/O-model and Binary Decision Diagrams. We present our algorithms
for I/O-efficient BDD manipulation in Section 3 together with ways to improve
their performance. Section 4 provides an overview of the resulting BDD pack-
age, Adiar, and Section 5 contains the experimental evaluation of our proposed
algorithms. Finally, we present our conclusions and future work in Section 6.
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2 Preliminaries

2.1 The I/O-Model

The I/O-model [1] allows one to reason about the number of data transfers be-
tween two levels of the memory hierarchy, while abstracting away from technical
details of the hardware, to make a theoretical analysis manageable.

An I/O-algorithm takes inputs of size N, residing on the higher level of
the two, i.e. in external storage (e.g on a disk). The algorithm can only do
computations on data that reside on the lower level, i.e. in internal storage (e.g.
main memory). This internal storage can only hold a smaller and finite number
of M elements. Data is transferred between these two levels in blocks of B
consecutive elements [1]. Here, B is a constant size not only encapsulating the
page size or the size of a cache-line but more generally how expensive it is to
transfer information between the two levels. The cost of an algorithm is the
number of data transfers, i.e. the number of I/O-operations or just I/Os, it
uses.

For all realistic values of N, M, and B the following inequality holds.

N/B < sort(N) < N,

where sort(N) £ N/B-log,;/5(N/B) [1] is the sorting lower bound, i.e. it takes
Q(sort(N)) I/0s in the worst-case to sort a list of N elements [1]. With an
M /B-way merge sort algorithm, one can obtain an optimal O(sort(N)) I/0
sorting algorithm [1], and with the addition of buffers to lazily update a tree
structure, one can obtain an I/O-efficient priority queue capable of inserting
and extracting N elements in O(sort(N)) I/Os [4].

2.1.1 Cache-Oblivious Algorithms

An algorithm is cache-oblivious if it is I/O-efficient without explicitly making
any use of the variables M or B; i.e. it is I/O-efficient regardless of the specific
machine in question and across all levels of the memory hierarchy [20]. We
furthermore assume the relationship between M and B satisfies the tall cache
assumption [20], which is that

M =Q(B?) .

With a variation of the merge sort algorithm one can make it cache-oblivious
[20]. Furthermore, Sanders [39] demonstrated how to design a cache-oblivious
priority queue.

2.1.2 TPIE

The TPIE software library [45] provides an implementation of I/O-efficient al-
gorithms and data structures such that the management of the B-sized buffers
is completely transparent to the programmer.
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Elements can be stored in files that act like lists and are accessed with
iterators. Each iterator can write new elements at the end of a file or on top
of prior written elements in the file. For our purposes, we only need to push
elements to a file, i.e. write them at the end of a file. The iterator can traverse
the file in both directions by reading the next element, provided has_next
returns true. One can also peek the next element without moving the read
head.

TPIE provides an optimal O(sort(V)) external memory merge sort algorithm
for its files. It also provides a merge sort algorithm for non-persistent data that
saves an initial 2 - N/B I/Os by sorting the B-sized base cases before flushing
them to disk the first time. Furthermore, it provides an implementation of
the I/O-efficient priority queue of [39] as developed in [38], which supports the
push, top and pop operations.

2.2 Binary Decision Diagrams

A Binary Decision Diagram (BDD) [10], as depicted in Fig. 1, is a rooted di-
rected acyclic graph (DAG) that concisely represents a boolean function B™ —
B, where B = {T, L}. The leaves contain the boolean values 1 and T that
define the output of the function. Each internal node contains the label i of the
input variable x; it represents, together with two outgoing arcs: a low arc for
when x; = L and a high arc for when x; = T. We only consider Ordered Binary
Decision Diagrams (OBDD), where each unique label may only occur once and
the labels must occur in sorted order on all paths. The set of all nodes with
label j is said to belong to the jth level in the DAG.

If one exhaustively (1) skips all nodes with identical children and (2) removes
any duplicate nodes then one obtains the Reduced Ordered Binary Decision
Diagram (ROBDD) of the given OBDD. If the variable order is fixed, this
reduced OBDD is a unique canonical form of the function it represents. [10]

The two primary algorithms for BDD manipulation are called Apply and
Reduce. The Apply computes the OBDD h = f ® g where f and g are OBDDs
and © is a function B x B — B. This is essentially done by recursively comput-
ing the product construction of the two BDDs f and ¢ and applying ® when

’

¥

(a) z2 (c) zo ® z1 (d) z1 V x2

Figure 1: Examples of Reduced Ordered Binary Decision Diagrams. Leaves are
drawn as boxes with the boolean value and internal nodes as circles with the
decision variable. Low edges are drawn dashed while high edges are solid.
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recursing to pairs of leaves. The Reduce applies the two reduction rules on an
OBDD bottom-up to obtain the corresponding ROBDD. [10]

2.2.1 I/0-Complexity of Binary Decision Diagrams

Common implementations of BDDs use recursive depth-first procedures that
traverse the BDD and the unique nodes are managed through a hash table [9,
19,26,30,43]. The latter allows one to directly incorporate the Reduce algorithm
of [10] within each node lookup [9,35]. They also use a memoisation table to
minimise the number of duplicate computations [19,30,43]. If the size Ny and
Ny of two BDDs are considerably larger than the memory M available, each
recursion request of the Apply algorithm will in the worst case result in an
I/O-operation when looking up a node within the memoisation table and when
following the low and high arcs [6,27]. Since there are up to Ny - N, recursion
requests, this results in up to O(Ny - Ny) I/Os in the worst case. The Reduce
operation transparently built into the unique node table with a find-or-insert
function can also cause an I/O for each lookup within this table [27]. This adds
yet another O(N) 1/O0s, where N is the number of nodes in the unreduced BDD.

For example, the BDD package BuDDy [30] uses a linked-list implementation
for its unique node table’s buckets. The index to the first node of the ith bucket
is stored together with the ith node in the table. Figure 2 shows the performance
of BuDDy solving the Tic-Tac-Toe benchmark for N = 21 when given variable
amounts of memory (see Section 5 for a description of this benchmark). This
experiment was done on a machine with 8 GiB of memory and 8 GiB of swap.
Since a total of 3075 MiB of nodes are processed and all nodes are placed
consecutively in memory, then all BDD nodes easily fit into the machine’s main
memory. That means, the slowdown from 37 seconds to 49 minutes in Fig. 2
is purely due to random access into swap memory caused by the find-or-insert
function of the implicit Reduce.

Lars Arge provided a description of an Apply algorithm that is capable of
using only O(sort(Ny - Ng)) I/Os and a Reduce algorithm that uses O(sort(IV))
I/0s [5,6]. He also proves these to be optimal for the level ordering of nodes on

3,000 [~ T I .
RAM | Swap
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T
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1,000 >

Time (seconds)

o La A A | |
4 5 6 7 8 9 10

Unique node-table size (GiB)

Figure 2: Running time of BuDDy [30] solving Tic-Tac-Toe for N = 21 on a
laptop with 8 GiB memory and 8 GiB swap (lower is better).
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disk used by both algorithms [6]. These algorithms do not rely on the value of M
or B, so they can be made cache-aware or cache-oblivious when using underlying
sorting algorithms and data structures with those characteristics. We will not
elaborate further on his original proposal, since our algorithms are simpler and
better convey the algorithmic technique used. Instead, we will mention where
our Reduce and Apply algorithms differ from his.

3 BDD Operations by Time-forward Processing

Our algorithms exploit the total and topological ordering of the internal nodes
in the BDD depicted in (1) below, where parents precede their children. It is
topological by ordering a node by its label, 7 : N, and total by secondly ordering
on a node’s identifier, id : N. This identifier only needs to be unique on each
level as nodes are still uniquely identifiable by the combination of their label
and identifier.

(i1,id1) < (igﬂdg) =1 <i2V(i1 =i Nidy < ng) (1)

We write the unique identifier (i,4d) : N x N for a node as x; ;4.

BDD nodes do not contain an explicit pointer to their children but instead
the children’s unique identifier. Following the same notion, leaf values are stored
directly in the leaf’s parents. This makes a node a triple (uid, low, high) where
uid : Nx N is its unique identifier and low and high : (Nx N)+B are its children.
The ordering in (1) is lifted to compare the uids of two nodes, and so a BDD is
represented by a file with BDD nodes in sorted order. For example, the BDDs
in Fig. 1 would be represented as the lists depicted in Fig. 3. This ordering
of nodes can be exploited with the time-forward processing technique, where
recursive calls are not executed at the time of issuing the request but instead
when the element in question is encountered later in the iteration through the
given input file. This is done with one or more priority queues that follow the
same ordering as the input and deferring recursion by pushing the request into
the priority queues.

la: [ (.Z‘Qyo,J_,T) ]

Ib: [ (0,0, L,21,0) ;o (210, L,T) ]

le: [ (IO,Uaxl,Oaxl,l) ) (xl,OylaT) ) (w1,17T>J-) ]
1d: [ ($170,$270,T> 3 (xZ,OvJ—7T) ]

Figure 3: In-order representation of BDDs of Fig. 1

The Apply algorithm in [6] produces an unreduced OBDD, which is turned
into an ROBDD with Reduce. The original algorithms of Arge solely work on a
node-based representation. Arge briefly notes that with an arc-based represen-
tation, the Apply algorithm is able to output its arcs in the order needed by the

following Reduce, and vice versa. Here, an arc is a triple (source, is_high, target)

(written as source Ly target) where source : N x N, is_high : B, and
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target : (N x N) + B, i.e. the source contains the unique identifier of inter-
nal nodes while the target either contains a unique identifier or the value of a
leaf. We have further pursued this idea of an arc-based representation and can
conclude that the algorithms indeed become simpler and more efficient with an
arc-based output from Apply. On the other hand, we see no such benefit over
the more compact node-based representation in the case of Reduce. Hence as
is depicted in Fig. 4, our algorithms work in tandem by cycling between the
node-based and arc-based representation.

internal arcs

f nodes—

Apply f®g arcs Reduce —f ® g nodes
g nodes—>

leaf arcs

Figure 4: The Apply—Reduce pipeline of our proposed algorithms

Notice that our Apply outputs two files containing arcs: arcs to internal
nodes (blue) and arcs to leaves (red). Internal arcs are output at the time of
their target are processed, and since nodes are processed in ascending order,
internal arcs end up being sorted with respect to the unique identifier of their
target. This groups all in-going arcs to the same node together and effectively
reverses internal arcs. Arcs to leaves, on the other hand, are output at the time
of their source is processed, which groups all out-going arcs to leaves together.
These two outputs of Apply represent a semi-transposed graph, which is exactly
of the form needed by the following Reduce. For example, the Apply on the
node-based ROBDDs in Fig. 1a and 1b with logical implication as the operator
will yield the arc-based unreduced OBDD depicted in Fig. 5.

For simplicity, we will ignore any cases of leaf-only BDDs in our presentation
of the algorithms. They are easily extended to also deal with those cases.

3.1 Apply

Our Apply algorithm works by a single top-down sweep through the input DAGs.
Internal arcs are reversed due to this top-down nature, since an arc between two
internal nodes can first be resolved and output at the time of the arc’s target.
These arcs are placed in the file Fjpiernar. Arcs from nodes to leaves are placed
in the file Fieqr.

The algorithm itself essentially works like the standard Apply algorithm.
Given a recursion request for the pair of input nodes vy from f and v, from g, a
single node v is created with label min(vy.uid.label,vg.uid.label) and recursion
requests 7o, and 7pgn are creatd for its two children. If the label of vy.uid and
vg.uid are equal, then 7, = (ve.low,vg.low) and ruign = (v high,vg.high).
Otherwise, 7w, T€Sp. Thign, contains the wid of the low child, resp. the high
child, of min(vy,vy), whereas max(vy.uid, vy.uid) is kept as is.

The RequestsFor function computes the requests 14, and rp;g, described
above as shown in Fig. 6. It resolves the request for the tuple (tf,t,) where at
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(:102,0,330,0)
@ (22,0,71,0)
N
| @

(72,0, J-/

<A

(a) Semi-transposed graph. (pairs indicate nodes in
Fig. 1a and 1b, respectively)

internal arcs leaf arcs

[ o0 — x10 [ @90 =T
T10 = Tao Topg — L,
Too — Tao T = T
T1,0 L) x21 ] x2.1 l) T ]

(b) In-order arc-based representation.

Figure 5: Unreduced output of Apply when computing z3 = (29 A 1)

least one of them identify an internal node. The arguments vy and v, are the
nodes currently read, where we can only guarantee ¢y = vy.uid or ty = vg.uid
but not necessarily that both match. If the label of t; and ¢, are the same but
only one of them matches, then low and high contains the children of the other.

The surrounding pieces of the Apply algorithm shown in Fig. 7 are designed
such that all the information needed by RequestsFor is made available in an
I/O-efficient way. Input nodes vy and v, are read on lines 12 — 14 from f and
g as a merge of the two sorted lists based on the ordering in (1). Specifically,
these lines maintain that tseer, < vy and tseer < vg, Where the ¢4.e variable itself
is a monotonically increasing unique identifier that changes based on the given
recursion requests for a pair of nodes (tf,t,). These requests are synchronised
with this traversal of the nodes by use of the two priority queues Qqpp:1 and

is_high

Qapp:2- Qapp:1 has elements of the form (s —— (ty,t,)) while Qapp:2 has
elements of the form (s ~=2 (tf.tg), low, high). The use for the boolean is_high
and the unique identifiers s, low, and high will become apparent below.

The priority queue @ gpp:1 is aligned with the node min(ty,t,), i.e. the one
of ty and t, that is encountered first. That is, its elements are sorted in ascend-
ing order based on min(ty,t,) of each request. Requests to the same (tf,%4)
are grouped together by secondarily sorting the tuples lexicographically. The
algorithm maintains the following invariant between the current nodes vy and

vy and the requests within Qqpp:1-
V(s S (L tg)) € Qappr s vf <ty Avg <ty .

The second priority queue Qqpp:2 is used in the case of ty.label = t4.label and
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RequestsFor ((tf, tg), vf, vy, low, high, ©)
Tlow 5 Thigh

1

2

3

4 // Combine accumulated information for requests
5 if toe{L, T}V (ty€{L, T} A ty.label < tq4.label)

6 then 7,0, < (vi.low, tg); Thign < (vs.high, tg)

7 else if tpe{L, T} V (ty.label > tq.label)

8 then 7w < (t5, vg.low); Thigh < (ty, vg.high)

9 else

10 if ty = vp.uwid ANty = vg.uid

11 then 7, « (vy.low, vg.low); Thign < (vy.high, vg.high)
12 else if ty = vy.uid

13 then 7, < (vy.low, low); Thigh < (vg.high, high)

14 else 7w «— (low, vg.low); Thign < (high, vg.high)

15

16 // Apply © if need be
17 if 7ow0] € {L, T} A mow[l] € {L, T}

18 then 7,5 < 70w [0] ® Tiow[1]

19

20 if rpign0] € {L, T} A mhign]l] € {L, T}
21 then Thigh < Thigh [O] ® Thigh[l]

22

23 return 7w, Thigh

Figure 6: The RequestsFor subroutine for Apply

ty.id # tg.id, i.e. when RequestsFor needs information from both nodes to
resolve the request but they are not guaranteed to be visited simultaneously.
To this end, it is sorted by max(ty,%,) in ascending order, i.e. the second of the
two to be visited, and ties are again broken lexicographically. The invariant for
this priority queue is comparatively more intricate.

V(s =% (tr,ty), low, high) € Quppea : ty.label = t,.label = min(vy,v,).label
Atg.id # tg.id
Nty <ty = ty <wvg <ty
Ntg <ty = tg <wvy <ty

In the case that a request is made for a tuple (¢s,t,) with the same label but
different identifiers, then they are not necessarily available at the same time.
Rather, the node with the unique identifier min(¢s,¢,) is visited first and the

one with max(ty,t,) some time later. Hence, requests s Ltuaty (tf,tq) are moved

on lines 19 — 23 from Qgpp:1 iNt0 Qapp:2 When min(ts,¢,) is encountered. Here,
the request is extended with the low and high of the node min(vy, vq) such that
the children of min(vy,v,) are available at max(vy,vy), despite the fact that
min(vy,vg).uid < max(vy, vg).uid.

The requests from Q 4pp:1 and Qqpp.2 are merged on lines 10 with the TopOf

10
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Apply(f, g, ©)
Flnternal — H7 Fleaf — ] Qapp:l — @7 Qapp:2 “— @
—

0; label < undefined

>
vy < f.next(); vg < g.next(); i

undefined

1
2
3
4
5 /* Insert request for root (vg,vg) */
6 Qapp:1 - push (NIL ——— (vy.uid, vg.uid))
7
8

/* Process requests in topological order x/
9 while Quppi1 # 0V Qupp:2 # 0 do

10 (s 2 (t5,ty), low, high) < TopOf(Qapp1, Qapp:2)

11

12 tseek < if low, high = NIL then min(tf,t;) else max(ty,tq)
13 while vy.uid < tgeer, A f.has_next() do vy < f.next() od
14 while vy .uid < tser N g.has_next() do vy + g.next() od
15

16 if low = NIL A high = NIL A t; € {L, T} A t,&{L,T}

17 A ty.label = tg.label N ty.id # tg.id

18 then /x Forward information of min(ty,ty) to max(ts,ty) */
19 v 4= if teeer =vy then vy else vy

20 while Qupp:1.top () matches _ — (tf,ty) do

21 (s s (tr:tg)) « Qappr-pop ()

22 Quppe2 - push (s = (t4,t,), v.low, v.high)

23 od

24 else /x Process request (ty,tg) */

25 id < if label # tseer.label then 0 else id+1

26 label < tgeek . label

27

28 /* Forward or output out—going arcs #*/

29 Tlow s Thigh < RequestsFor ((tr, ty), vy, vy, low, high, ©®)
30 (if 7w € {L, T} then Fla else Qapp:1).push (Tiave1,ia i%rlow)
31 (if Thign € {1, T} then Fiy else Qupp:1).push (Z1aver,ia —> Thigh)
32

33 /* Output in—going arcs x/

34 while Quppi1 #0 A Qapp1-top () matches (- — (tf,t5)) do
35 (s e (tritg))  Qappir-pop ()

36 if s # NIL then Finema - push (s~ 21pe11a)

37 od

38 while Qupp:1 #0 A Qapp:2 - top () matches (- — (tf,ty), -, -) do
39 (SM)(tfvtg)v -y =) + Qapp:2.POP ()

40 if s # NIL then Fiema . push (s = 21,06 .50)

41 od

42 od

43 return Fiuernal, Flear

Figure 7: The Apply algorithm

11
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function such that they are synchronised with the order of nodes in f and g and
maintain the above invariants. If both Qgpp:1 and @ app:2 are non-empty, then
let 71 = (s1 — (tf:1,t4:1)) be the top element of Q4pp.1 and let the top element
of Qapp:2 be 1o = (s2 2, (t:2,tg:2), low, high). Then TopOf(Q app:1, Qapp:2)
outputs (r1,Nil,Nil) if min(ts.1,%4.1) < max(tf.2,tg.2) and 7o otherwise. If
either one is empty, then it equivalently outputs the top request of the other.

When a request is resolved, then the newly created recursion requests 754
and ryig, to its children are placed at the end of Fi.q or pushed into @ gpp:1 o0
lines 28 — 31, depending on whether it is a request to a leaf or not. All ingoing
arcs to the resolved request are output on lines 33 — 41. To output these ingoing
arcs the algorithm uses the last two pieces of information that was forwarded:
the unique identifier s for the source of the request and the boolean is_high for
whether the request was following a high arc.

The arc-based output greatly simplifies the algorithm compared to the orig-
inal proposal of Arge in [6]. Our algorithm only uses two priority queues rather
than four. Arge’s algorithm, like ours, resolves a node before its children, but
due to the node-based output it has to output this entire node before its chil-
dren. Hence, it has to identify its children by the tuple (ts,ty) which doubles
the amount of space used and it also forces one to relabel the graph afterwards
costing yet another O(sort(N)) I/Os. Instead, the arc-based output allows us
to output the information at the time of the children and hence we are able
to generate the label and its new identifier for both parent and child. Arge’s
algorithm neither forwarded the source s of a request, so repeated requests to
the same pair of nodes were merely discarded upon retrieval from the priority
queue, since they carried no relevant information. Our arc-based output, on the
other hand, makes every element placed in the priority queue forward a source
s, vital for the creation of the transposed graph.

Proposition 3.1 (Following Arge 1996 [6]). The Apply algorithm in Fig. 7 has
I/0 complezity O(sort(Ny-Ng)) and O((Ny-Ng)-log(Nf-Ng)) time complexity,
where Ny and Ny are the respective sizes of the BDDs for f and g.

Proof. Tt only takes O((Ny + Ng4)/B) I/Os to read the elements of f and g once
in order. There are at most 2 Ny - Ny many arcs being outputted into Finsernai
or Fieqf, resulting in at most O((Ny - Ng)/B) I/Os spent on writing the output.
Each element creates up to two requests for recursions placed in Q 4pp:1, cach of
which may be reinserted in @ 4pp:2 to forward data across the level, which totals
O(sort(Ny - Ng)) I/Os. All in all, an O(sort(Ny - Ny)) number of I/Os are used.

The worst-case time complexity is derived similarly, since next to the priority

queues and reading the input only a constant amount of work is done per request.
|

3.1.1 Pruning by Short Circuiting the Operator

The Apply procedure as presented above, like Arge’s original algorithm in [4,6],
follows recursion requests until a pair of leaves are met. Yet, for example in

12
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O 3 O UL W N =

Fig. 5 the node for the request (z2,0, T) is unnecessary to resolve, since all
leaves of this subgraph trivially will be T due to the implication operator. The
later Reduce will remove any nodes with identical children bottom-up and so
this node will be removed in favour of the T leaf.

This observation implies we can resolve the requests earlier for any operator
that can short circuit the resulting leaf. To this end, one only needs to extend
the RequestsFor to be the ShortCircuitedRequestsFor function in Fig. 8
which immediately outputs a request to the relevant leaf value. This decreases
the number of requests placed in Qpp:1 and @ gpp:2. Furthermore, it decreases
the size of the final unreduced BDD, which again in turn will speed up the
following Reduce.

ShortCircuitingRequestsFor ((t5, tg), vf, vy, low, high, ©)
(Tiow , Thigh) < RequestsFor ((ty, t4), vf, vy, low, high, ©)

if ri,, matches (t},ty)
then if ¢, e{L, T} AtioL=t;0T
then 71y, < t; O L

if t,e{l,T} A Lot,=Tot,
then 7, < L O

if 7hign matches (t%,ty)
then if t)c{L, T} AtyoLl=t;0T
then 7y < t; © L

if t;e{L, T} A LOty=Tot,
then T high (—J.@t;

return 7., T high

Figure 8: The ShortCircuitingRequestsFor subroutine for Apply

3.2 Reduce

Our Reduce algorithm in Fig. 9 works like other explicit variants with a single
bottom-up sweep through the unreduced OBDD. Since the nodes are resolved
and output in a bottom-up descending order then the output is exactly in the
reverse order as it is needed for any following Apply. We have so far ignored
this detail, but the only change necessary to the Apply algorithm in Section 3.1
is for it to read the list of nodes of f and g in reverse.

The priority queue Q¢4 is used to forward the reduction result of a node v to
its parents in an I/O-efficient way. Q.4 contains arcs from unresolved sources
s in the given unreduced OBDD to already resolved targets ¢’ in the ROBDD
under construction. The bottom-up traversal corresponds to resolving all nodes

13
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1 Reduce(Finternal ; Fleaf )
2 Fout <_[]7 Qred +— 0
3 while Qg #0 V Flqf . has_next () do
4 j ¢ max(Qreq.top ().source.label , Fiq .peek().source.label)
5 id + MAXID;
6 Fy «[]; Fya «[]; Fja <[]
7
8 while Qeq.top().source.label = j do
9 enigh < PopMax(Qred , Fieay)
10 Clow PopMax(th Flmf)
11 if epign.target = epw.target
12 then Fj.1.push ([epw.source — epy.target])
13 else Fj.push((epw.source, epy.target , epgn.target))
14 od
15
16 sort v € F; by v.low and secondly by v.high
17 v' <~ undefined
18 for each v € F; do
19 if v/ is undefined or v.low # v .low or v.high # v .high
20 then
21 id <« id — 1
22 v+ (Zjia, v.low, v.high)
23 Fout . push (v)
24 Fj.o.push ([v.uid — v .uid])
25 od
26
27 sort [wid > uid']€ Fj.2 by wid in descending order
28 for each [wid — wid'] € MergeMaxUid(Fj.1, Fj2) do
29 while arcs from Fintera - peek () matches _ = uid do
30 (s ol wid) < Finternal - next ()
31 Qred - push (s Jochigh uid")
32 od
33 od
34 od

35 return F,,

Figure 9: The Reduce algorithm

. . is_high .
in descending order. Hence, arcs s —— t' in Q. are first sorted on s and

secondly on is_high; the latter simplifies retrieving low and high arcs on lines
9 and 10, since the high arc is always retrieved first. The base-cases for the
Reduce algorithm are the arcs to leaves in Fj.qr, which follow the exact same
ordering. Hence, on lines 9 and 10, arcs in @Qreq and Fleqp are merged using the
PopMax function that retrieves the arc that is maximal with respect to this
ordering.

Since nodes are resolved in descending order, Fipiernq; follows this ordering
on the arc’s target when elements are read in reverse. The reversal of arcs in

14
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Finternai makes the parents of a node v, to which the reduction result is to be
forwarded, readily available on lines 27 — 33.

The algorithm otherwise proceeds similarly to other Reduce algorithms. For
each level j, all nodes v of that level are created from their high and low arcs,
ehigh and ey, taken out of Qreq and Fieqr. The nodes are split into the two
temporary files Fjj.; and Fj.o that contain the mapping [uid — uid'] from the
unique identifier uid of a node in the given unreduced BDD to the unique
identifier uid” of the equivalent node in the output. Fj.; contains the mapping
from a node v removed due to the first reduction rule and is populated on lines
8 — 14: if both children of v are the same then the mapping [v.uid — v.low] is
pushed to Fj.;. That is, the node v is not output and is made equivalent to its
single child. Fj. contains the mappings for the second rule and is resolved on
lines 16 — 25. Here, the remaining nodes are placed in an intermediate file F}
and sorted by their children. This makes duplicate nodes immediate successors
in Fj. Every new unique node encountered in Fj is written to the output Fi
before mapping itself and all its duplicates to it in F}.o. Since nodes are output
out-of-order compared to the input and without knowing how many will be
output for said level, they are given new decreasing identifiers starting from the
maximal possible value MAX_ID. Finally, F}.2 is sorted back in order of Fi,iernai
to forward the results in both Fj.; and Fj.» to their parents on lines 27 — 33.
Here, MergeMaxUid merges the mappings [uid + wid'] in Fj.1 and Fj.o by
always taking the mapping with the largest uid from either file.

Since the original algorithm of Arge in [6] takes a node-based OBDD as an
input and only internally uses node-based auxiliary data structures, his Reduce
algorithm had to create two copies of the input to create the transposed sub-
graph: one where the copies were sorted by the nodes’ low child and one where
they are sorted by their high child. The reversal of arcs in Fj,ternq merges these
auxiliary data structures of Arge into a single set of arcs easily generated by
the preceding Apply. This not only simplifies the algorithm but also more than
halves the memory used and it eliminates two expensive sorting steps. We also
apply the first reduction rule before the sorting step, thereby decreasing the
number of nodes involved in the remaining expensive computation of that level.

Another consequence of his node-based representation is that his algorithm
had to move all arcs to leaves into Q.4 rather than merging requests from Q¢4
with the base-cases from Fjeqr. Let Ny < 2N be the number of arcs to leaves
then all internal arcs is 2N — Ny, where N is the total number of nodes. Our
semi-transposed input considerably decreases the number I/Os used and time
spent, which makes it worthwhile in practice.

Lemma 3.2. Use of Fleqr saves O(sort(Ny)) 1/0s.

Proof. Without Fjeqs, the number of I/Os spent on elements in Qyeq is
O(sort(2N)) = O(sort((2N — N¢) + Ny)) = O(sort(2N — Ny)) + O(sort(Ny))

whereas with Fieqp it is O(sort(2N — N¢)) + N¢/B. It now suffices to focus on
the latter half concerning N,. The constant ¢ involved in the O(sort(Ng)) of
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the priority queue must be so large that the following inequality holds for N,
greater than some given ng.

0 < N¢/B < ¢1 -sort(Ny) < ¢g - sort(Ny) .

The difference ¢; -sort(Ny/B) — N/ B is the least number of saved I/Os, whereas
cg-sort(Ny/B)— N/ B is the maximal number of saved I/Os. The O(sort(N;/B))
bound follows easily as shown below for N, > nyg.

cg - sort(Ny/B) — N¢/B < ¢ - sort(Ny/B)

For the Q(sort(N;/B)) lower bound, we need to find a ¢} such that ¢} -sort(Ny) <
¢1 - sort(Ny/B) — N/ B for Ny large enough to satisfy the following inequality.

-1
¢ <e— (IOgM/B(NZ/B))

The above is satisfied with ¢} £ ¢;/2 for N, > max(ng, B(%)?!) since then
-1
(logar/(Ne/B)) < % 0

Depending on the given BDD, this decrease can result in an improvement
in performance that is notable in practice as our experiments in Section 5.3.3
show. Furthermore, the fraction Ny/(2N) only increases when recursion requests
are pruned; our experiments in Section 5.3.4 show that pruning increases this
fraction by a considerable amount.

Proposition 3.3 (Following Arge 1996 [6]). The Reduce algorithm in Fig. 9
has an O(sort(N)) 1/O complezity and an O(N log N) time complexity.

Proof. Up to 2N arcs are inserted in and later again extracted from @4, while
Finternat and Fleqr is scanned once. This totals an O(sort(4N) + N/B) =
O(sort(N)) number of I/Os spent on the priority queue. On each level all
nodes are sorted twice, which when all levels are combined amounts to another
O(sort(NN)) I/Os. One arrives with similar argumentation at the O(N log N)
time complexity. O

Arge proved in [5] that this O(sort(N)) I/O complexity is optimal for the
input, assuming a levelwise ordering of nodes (See [6] for the full proof). While
the O(N log N) time is theoretically slower than the O(N) depth-first approach
using a unique node table and an O(1) time hash function, one should note
the log factor depends on the sorting algorithm and priority queue used where
I/O-efficient instances have a large M/B log factor.

3.3 Other Algorithms

Arge only considered Apply and Reduce, since most other BDD operations can
be derived from these two operations together with the Restrict operation, which
fixes the value of a single variable. We have extended the technique to create
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a time-forward processed Restrict that operates in O(sort(N)) I/Os, which is
described below. Furthermore, by extending the technique to other operations,
we obtain more efficient BDD algorithms than by computing it using Apply and
Restrict alone.

3.3.1 Node and Variable Count

The Reduce algorithm in Section 3.2 can easily be extended to also provide the
number of nodes N generated and the number of levels L. Using this, it only
takes O(1) I/Os to obtain the node count N and the variable count L.

Lemma 3.4. The number of nodes N and number of variables L occuring in
the BDD for f is obtainable in O(1) 1/Os and time.

3.3.2 Negation

A BDD is negated by inverting the value in its nodes’ leaf children. This is an
O(1) I/O-operation if a negation flag is used to mark whether the nodes should
be negated on-the-fly as they are read from the stream.

Proposition 3.5. Negation has I1/0, space, and time complexity O(1).

Proof. Even though O(N) extra work has to be spent on negating every nodes
inside of all other procedures, this extra work can be accounted for in the big-O
of the other operations. ([l

This is a major improvement over the O(sort(N)) I/Os spent by Apply to
compute f @ T, where @ is exclusive disjunction; especially since space can be
shared between the BDD for f and —f.

3.3.3 Equality Checking

To check for f = g one has to check the DAG of f being isomorphic to the one
for g [10]. This makes f and g trivially inequivalent when at least one of the
following three statements are violated.

Nf:Ng Lf:Lg Vi:Lf’i:Lgyi/\Nf,iI gy > (2)

where Ny and N, is the number of nodes in the BDD for f and g, Ly and
Ly the number of levels, Ly; and L, ; the respective labels of the ith level,
and Ny; and Ng; the number of nodes on the ith level. This can respectively
be checked in O(1), O(1), and O(L/B) number of I/Os with meta-information
easily generated by the Reduce algorithm in Section 3.2.

In what follows, we will address equality checking the non-trivial cases. As-
suming the constraints in (2) we will omit f and the g in the subscript and just
write N, L, L;, and N;.
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An O(sort(N)) equality check. If f = g, then the isomorphism relates the
roots of the BDDs for f and g. Furthermore, for any node vy of f and v, of g, if
(vf,vg) is uniquely related by the isomorphism then so should (vy.low, vg.low)
and (vy.high, vg.high). Hence, the Apply algorithm can be adapted to not out-
put any arcs. Instead, it returns | and terminates early when one of the fol-
lowing two conditions are violated.

e The children of the given recursion request (t5,t,) should both be a leaf
or an internal node. Furthermore, pairs of internal nodes should agree on
the label while pairs of leaves should agree on the value.

e On level i, exactly N; unique recursion requests should be retrieved from
the priority queues. If more than N; are given, then prior recursions have
related one node of f, resp. g, to two different nodes in g, resp. f. This
implies that Gy and G, cannot be isomorphic.

If no recursion requests fail, then the first condition of the two guarantees that
f =gandso T isreturned. The second condition makes the algorithm terminate
earlier on negative cases and lowers the provable complexity bound.

Proposition 3.6. If the BDDs for f and g satisfy the constraints in (2), then
the above equality checking procedure has I/O complexity O(sort(N)) and time
complezity O(N -log N), where N is the size of both BDDs.

Proof. Due to the second termination case, no more than N; unique requests
are resolved for each level i in the BDDs for f and g. This totals at most N
requests are processed by the above procedure regardless of whether f = g or
not. This bounds the number of elements placed in the priority queues to be
2N. The two complexity bounds then directly follow by similar analysis as given
in the proof of Proposition 3.1 O

This is an asymptotic improvement on the O(sort(N?)) equality checking
algorithm by computing f <> g with the Apply procedure and then checking
whether the reduced BDD is the T leaf. Furthermore, it is also a major im-
provement in the practical efficiency, since it does not need to run the Reduce
algorithm, s and is_high in the s ~22 (tf,tg) recursion requests are irrelevant
and memory is saved by omitting them, it has no O(N?) intermediate output,
and it only needs a single request for each (tf,¢,) to be moved into the second
priority queue (since s and is_high are omitted). In practice, it performs even
better since it terminates on the first violation.

A 2-N/B equality check. One can achieve an even faster equality checking
procedure, by strengthening the constraints on the node ordering. On top of
the ordering in (1) on page 7, we require leaves to come in-order after internal
nodes:

V.Izﬂ'd DTG < 1L<T, (3)
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and we add the following constraint onto internal nodes (z; iq, , low1, high,) and
(X4,idy, lowa, highs) on level i:

id1 < idgy = lowy < lows V (lowyr = lows A highy < highg) (4)

This makes the ordering in (1) into a lexicographical three-dimensional ordering
of nodes based on their label and their children. The key idea here is, since the
second reduction rule of Bryant [10] removes any duplicate nodes then the low
and high children directly impose a total order on their parents.

We will say that the identifiers are compact if all nodes on level i have
identifiers within the interval [0, N;). That is, the jth node on the ith level has
the identifier j — 1.

Proposition 3.7. Let Gy and G4 be two ROBDDs with compact identifiers that
respect the ordering of nodes in (1) extended with (3,4). Then, f = g if and
only if for all levels i the jth node on level i in Gy and G4 match numerically.

Proof. Suppose that all nodes in Gy and Gy match. This means they describe
the same DAG, are hence trivially isomorphic, and so f = g.

Now suppose that f = g, which means that Gy and G, are isomorphic. We
will prove the stronger statement that for all levels i the jth node on the ith
level in Gy and G4 not only match numerically but are also the root to the very
same subgraphs. We will prove this by strong induction on levels ¢, starting
from the deepest level /. up to the root with label £,;y,.

For i = {ax, since an ROBDD does not contain duplicate nodes, there
exists only one or two nodes in Gy and G4 on this level: one for z,,,  and/or
one describing -y, . Since L < T, the extended ordering in (4) gives us that
the node describing xy, . comes before —xy . . The identifiers must match due
to compactness.

For fpin < @ < fmax, assume per induction that for all levels i’ > ¢ the
j'th node on level i’ describe the same subgraphs. Let v 1, vf2,...,v¢ N, and
Vg,1,Vg,2,---,Vg N, be the N; nodes in order on the ith level of Gy and G4. For
every j, the isomorphism between Gy and G4 provides a unique j’ s.t. vy
and vy are the respective equivalent nodes. From the induction hypotheses
we have that vy ;.low = vy .low and vy ;.high = vg .high. We are left to
show that their identifiers match and that j = 7/, which due to compactness are
equivalent statements. The non-existence of duplicate nodes guarantees that all
other nodes on level ¢ in both G and G differ in either their low and/or high
child. The total ordering in (4) is based on these children alone and so from the
induction hypothesis the number of predecessors, resp. successors, to vy ; must
be the same as for vy ;7. That is, j and j’ are the same. O

max

The Reduce algorithm in Figure 9 already outputs the nodes on each level in
the order that satisfies the constraint (3) and (4). It also outputs the jth node of
each level with the identifier MAX_ID — N, + 7, i.e. with compact identifiers shifted
by MAX_ID — N;. Hence, Proposition 3.7 applies to the ROBDDs constructed by
this Reduce and they can be compared in 2 - N/B 1/Os with a single iteration
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through all nodes. This iteration fails at the same pair of nodes, or even earlier,
than the prior O(sort(N)) algorithm. Furthermore, this linear scan of both
BDDs is optimal — even with respect to the constant — since any deterministic
comparison procedure has to look at every element of both inputs at least once.

As is apparent in the proof of Proposition 3.7, the ordering of internal nodes
relies on the ordering of leaf values. Hence, the negation algorithm in Sec-
tion 3.3.2 breaks this property when the negation flags on Gy and G4 do not
match.

Corollary 3.8. If Gy and Gy are outputs of Fig. 9 and their negation flag are
equal, then equality checking of f = g can be done in 2- N/B I/Os and O(N)
time, where N is the size of Gy and Gg.

One could use the Reduce algorithm to make the negated BDD satisfy the
preconditions of Proposition 3.7. However, the O(sort(N)) equality check will
be faster in practice, due to its efficiency in both time, I/O, and space.

3.3.4 Path and Satisfiability Count

The number of paths that lead from the root of a BDD to the T leaf can be
computed with a single priority queue that forwards the number of paths from
the root to a node ¢ through one of its ingoing arcs. At ¢ these ingoing paths are
accumulated, and if ¢t has a T leaf as a child then the number of paths to t added
to a total sum of paths. The number of ingoing paths to ¢ is then forwarded to
its non-leaf children.

This easily extends to counting the number of satisfiable assignments by
knowing the number of variables of the domain and extending the request in
the priority queue with the number of levels visited.

Proposition 3.9. Counting the number of paths and satisfying assignments in
the BDD for f has I/O complexity O(sort(N)) and time complexity O(N log N),
where N is the size of the BDD for f.

Proof. Every node of f is processed in-order and all 2N arcs are inserted and
extracted once from the priority queue. This totals O(sort(N)) + N/B I/Os.
For all N nodes there spent is O(1) time on every in-going arc. There are
a total of 2N arcs, so O(N) amount of work is done next to reading the input
and using the priority queue. Hence, the O(N log N) time spent on the priority
queue dominates the asymptotic running time. ([l

Both of these operations not possible to compute with the Apply operation.

3.3.5 Evaluating and Obtaining Assignments

Evaluating the BDD for f given some & boils down to following a path from
the root down to a leaf based on Z. The levelized ordering makes it possible to
follow a path starting from the root in a single scan of all nodes, where irrelevant
nodes are ignored.
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Lemma 3.10. Evaluating f for some assignment & has I/O complexity N/B +
Z/B and time complexity O(N + |Z|), where N is the size of f’s BDD.

Similarly, finding the lexicographical smallest or largest & that makes (%) =
T also corresponds to providing the trace of one specific path in the BDD [28].

Lemma 3.11. Obtaining the lexicographically smallest (or largest) assignment
Z such that f(Z) = T has I/O complexity N/B + ¥/B and time complezity
O(N), where N is the size of the BDD for f.

If the number of Levels L is smaller than N/B then this uses more I/Os
compared to the conventional algorithms that uses random access; when jump-
ing from node to node at most one node on each of the L levels is visited, and
so at most one block for each level is retrieved.

3.3.6 If-Then-Else

The If-Then-Else procedure is an extension of the idea of the Apply procedure
where requests are triples (t7, ¢y, t5) rather than tuples and three priority queues
are used rather than two. The idea of pruning in Section 3.1.1 can also be applied
here: if ¢ty € {1, T} then either ¢4 or t), is irrelevant and it can be replaced with
Nil such that these requests are merged into one node, and if t; =t, € {1, T}
then ¢y does not need to be evaluated and the leaf can immediately be output.

Proposition 3.12. The If- Then-Else procedure has I/0 complexity O(sort(Ny -
Ng - Np)) and time complexity O((Ny - Ng - Np)log(Ny - Ny - Np)), where Ny,
Ny, and Ny, are the respective sizes of the BDDs for f, g, and h.

Proof. The proof follows by similar argumentation as for Proposition 3.1. O

This is an O(Ny) factor improvement over the O(sort(N7 - Ny - Nj,)) 1/O
complexity of using Apply to compute (f A g)V (=f Ah).

3.3.7 Restrict

Given a BDD f, a label i, and a boolean value b the function f|;,=, can be
computed in a single top-down sweep. The priority queue contains arcs from a
source s to a target t. When encountering the target node ¢ in f, if ¢ does not
have label ¢ then the node is kept and the arc s S ¢ s output, as is. If ¢

is_high

has label ¢ then the arc s —— t.low is forwarded in the queue if b = 1 and
s =90 ¢ high is forwarded if b= T.

This algorithm has one problem with the pipeline in Fig. 4. Since nodes are
skipped, and the source s is forwarded, then the leaf arcs may end up being
produced and output out of order. In those cases, the output arcs in Fjqy need

to be sorted before the following Reduce can begin.

Proposition 3.13. Computing the Restrict of f for a single variable x; has
1/0 complexity O(sort(N)) and time complexity O(N log N), where N, is the
size of the BDD for f.
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Proof. The priority queue requires O(sort(2N)) I/Os since every arc in the
priority queue is related one-to-one with one of the 2V arcs of the input. The
output consists of at most 2N arcs, which takes 2 - N/B I/Os to write and at
most O(sort(2N)) to sort. All in all, the algorithm uses N/B + O(sort(2N)) +
2-N/B+ O(sort(2N)) 1/0s. O

This trivially extends to multiple variables in a single sweep by being given
the assignments 7 in ascending order relative to the labels i.

Corollary 3.14. Computing the Restrict of f for multiple variables & has I/0O
complezity O(sort(N)+ |Z|/B) and time complexity O(N log N +|Z|), where N,
is the size of the BDD for f.

Proof. The only extra work added is reading & in-order and to decide for all
L < N levels whether to keep the level’s nodes or bridge over them. This
constitutes another |Z|/B I/Os and O(N) time. O

3.3.8 Quantification

Given @ € {V,3}, a BDD f, and a label i the BDD representing Qb € B : f|,,—s
is computable using O(sort(N?)) I/Os by combining the ideas for the Apply
and the Restrict algorithms.

Requests are either a single node ¢ in f or past level ¢ a tuple of nodes
(t1,t2) in f. A priority queue initially contains requests from the root of f to
its children. Two priority queues are used to synchronise the tuple requests
with the traversal of nodes in f. If the label of a request ¢ is 4, then, similar
to Restrict, its source s is linked with a single request to (t.low,t.high). Tuples
are handled as in Apply where ® is V, resp. ® is A, for @ = 3, resp. for Q = V.

Both conjunction and disjunction are commutative operations, so the order
of t; and to is not relevant. Hence, the tuple (¢1,¢2) can be kept sorted such
that ¢; < to. This improves the performance of the comparator used within the
priority queues since min(ty,t2) = t1 and max(t1,t2) = ta.

The idea of pruning in Section 3.1.1 also applies here. But, in the following
cases can a request to a tuple be turned back into a request to a single node t.

e Any request (t1,t2) where t1 = to is equivalent to the request to t;.

e As we only consider operators V and A then any leaf v € {_L, T} that does
not short circuit ©® is irrelevant for the leaf values of the entire subtree.
Hence, any such request (¢,v) can safely be turned into a request to t.

This collapses three potential subtrees into one, which decreases the size of the
output and the number of elements placed in the priority queues.

Proposition 3.15. Computing the Exists and Forall of f for a single variable
x; has I/O complezity O(sort(N?)) and time complexity O(N?log N?), where
N 1is the size of the BDD for f.
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Proof. A request for a node ¢ is equivalent to a request to (¢,t). There are at
most N2 pairs to process which results in at most 2 - N2 number of arcs in
the output and in the priority queues. The two complexity bounds follows by
similar analysis as in the proof of Proposition 3.1 and 3.13. O

This could also be computed with Apply and Restrict as f|z,=1 © flz,=T,
which would also only take an O(sort(N)+sort(N)+sort(N?)) number of 1/Os,
but this requires three separate runs of Reduce and makes the intermediate
inputs to Apply of up to 2N in size.

3.3.9 Composition

The composition f|;,—4 of two BDDs f and g can be computed by reusing the
ideas and optimisations from the Quantification and the If-Then-Else proce-
dures. Requests start out as tuples (f4,t7) and at level ¢ they are turned into
triples (tg4,tf,,ts,) which are handled similar to the If-Then-Else. The idea of
merging recursion requests based on the value of ¢y, and ty, as for Quantifica-
tion still partially applies here: if ¢ty =ty, or ¢4 is a leaf, then the entire triple
can boiled down to ty, or ty,.

Proposition 3.16. Composition has I/O complexity O(sort(N7-N,)) and time

complexity O(NF - Ng)log(Ny - Ny)), where Ny and N, are the respective sizes
of the BDDs for f and g.

Proof. There are NJ% - N, possible triples, each of which can be in the output and
in the priority queue. The two complexity bounds follows by similar analysis as
in the proof of Proposition 3.12. O

Alternatively, this is computable with the If-Then-Else g 7 flz,=7 : flz,=1
which would also take O(2 - sort(Ny) + sort(N]% - Ng)) number of I/Os, or
O(sort(Nf2 Ng)) I/Os if the Apply is used. But as argued above, computing the
If-Then-Else with Apply is not optimal. Furthermore, similar to quantification,
the constants involved in using Restrict for intermediate outputs is also costly.

3.4 Levelized Priority Queue

In practice, sorting a set of elements with a sorting algorithm is considerably
faster than with a priority queue [36]. Hence, the more one can use mere sorting
instead of a priority queue the faster the algorithms will run.

Since all our algorithms resolve the requests level by level then any request
pushed to the priority queues @ 4pp:1 and @Qreq are for nodes on a yet-not-visited
level. That means, any requests pushed when resolving level ¢ do not change the
order of any elements still in the priority queue with label i. Hence, for L being
the number of levels and L < M/B one can have a levelized priority queue? by

2The name is chosen as a reference to the independently conceived but reminiscent queue
of Ashar and Cheong [7]. It is important to notice that they split the queue for functional
correctness whereas we do so to improve the performance.
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maintaining L buckets and keep one block for each bucket in memory. If a block
is full then it is sorted, flushed from memory and replaced with a new empty
block. All blocks for level i are merge-sorted into the final order of requests
when the algorithm reaches the ith level.

While L < M/B is a reasonable assumption between main memory and disk
it is not at the cache-level. Yet, most arcs only span very few levels, so it suffices
for the levelized priority queue to only have a small preset & number of buckets
and then use an overflow priority queue to sort the few requests that go more
than k levels ahead. A single block of each bucket fits into the cache for very
small choices of k, so a cache-oblivious levelized priority queue would not lose its
characteristics. Simultaneously, smaller £ allows one to dedicate more internal
memory to each individual bucket, which allows a cache-aware levelized priority
queue to further improve its performance.

3.5 Memory Layout and Efficient Sorting

A unique identifier can be represented as a single 64-bit integer as shown in
Fig. 10. Leaves are represented with a 1-flag on the most significant bit, its
value v on the next 62 bits and a boolean flag f on the least significant bit.
A node is identified with a 0-flag on the most significant bit, the next ¢-bits
dedicated to its label followed by 62 — ¢ bits with its identifier, and finally the
boolean flag f available on the least-significant bit.

‘ll v If‘ lO‘ label ‘ identifier

:

(a) Unique identifier of a leaf v (b) Unique identifier of an internal node

Figure 10: Bit-representations. The least significant bit is right-most.

A node is represented with 3 64-bit integers: two of them for its children and
the third for its label and identifier. An arc is represented by 2 64-bit numbers:
the source and target each occupying 64-bits and the is_high flag stored in the f
flag of the source. This reduces all the prior orderings to a mere trivial ordering
of 64-bit integers. A descending order is used for a bottom-up traversal while
the sorting is in ascending order for the top-down algorithms.

A reasonable value for the number ¢ bits dedicated to the label is 24. Here
there are still 262—¢ = 238 number of nodes available per level, which is equivalent
to 6 TiB of data in itself.

4 Adiar: An Implementation
The algorithms and data structures described in Section 3 have been imple-

mented in a new BDD package, named Adiar3, that supports the operations in
Table 1. The source code for Adiar is publicly available at

3adiar ( portuguese ) (verd) : to defer, to postpone
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Adiar function | Operation | I/O complexity | Justification
BDD Base constructors

bdd_sink(b) b O(1)

bdd_true() T

bdd_false() €L
bdd_ithvar (i) z4 o(1)
bdd_nithvar () T O(1)
bdd_and (7) Vier i O(k/B)
bdd_or (i) Nici @i O(k/B)
bdd_counter (i, j,t) #l_ v =t O((i—j)-t/B)

BDD Manipulation

bdd_apply(f,g,®) fOg O(sort(Ny - Ng)) Prop. 3.1, 3.3

bdd_and (f,g) fAg

bdd_nand(f,qg) -(fANg)

bdd_or(f,g) fVyg

bdd_nor(f,g) =(fVyg)

bdd_xor (f,9) foyg

bdd_xnor (f,g) -(f®g)

bdd_imp(f,g) f—g

bdd_invimp(f,g) f+g

bdd_equiv(f,g) f=g

bdd_diff (f,g) fA-g

bdd_less(f,g) -fAg
bdd-ite(f,g,h) f?79g :h O(sort(Ny - Ng - N)) | Prop. 3.12, 3.3
bdd_restrict(f,i,v) flzi=v O(sort(Ny)) Prop. 3.13, 3.3
bdd_restrict (f, %) flivyes . z;=v O(sort(Ny) + |Z|/B) | Prop. 3.14, 3.3
bdd_exists(f,%) vt fle;=v O(sort(N]%)) Prop. 3.15, 3.3
bdd_forall(f,i) Yo i fle;=v O(sort(N7)) Prop. 3.15, 3.3
bdd_not (f) -f O(1) Prop. 3.5

Counting
bdd_pathcount (f) #paths in f to T O(sort(Ny)) Prop. 3.9
bdd_satcount (f) #Z: f(Z) O(sort(Ny)) Prop. 3.9
bdd_nodecount (f) Ny o(1) Lem. 3.4
bdd_varcount (f) Ly 0(1) Lem. 3.4
Equivalence Checking
f=9 [ f=g | O(sort(min(N;, Ny))) [ Prop. 3.6
BDD traversal

bdd_eval (f,Z) f(&@) O((Ny +1Z])/B) Lem. 3.10
bdd_satmin(f) min{Z | f(Z)} O((Ny +1Z])/B) Lem. 3.11
bdd_satmax (f) max{Z | f(Z)} O((Ny +1Z])/B) Lem. 3.11

Table 1: Supported operations in Adiar together with their I/O-complexity. N
is the number of nodes and L is the number of levels in a BDD. An assignment
Z is a list of tuples (i,v) : N x B.
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github.com/ssoelvsten/adiar
and the documentation is available at
ssoelvsten.github.io/adiar/ .

Interaction with the BDD package is done through C++ programs that include
the <adiar/adiar.h> header file and are built and linked with CMake. Its two
dependencies are the Boost library and the TPIE library; the latter is included
as a submodule of the Adiar repository, leaving it to CMake to build TPIE and
link it to Adiar.

The BDD package is initialised by calling the adiar_init (memory, temp_dir)
function, where memory is the memory (in bytes) dedicated to Adiar and temp_dir
is the directory where temporary files will be placed, which could be a dedicated
harddisk. After use, the BDD package is deinitialised and its given memory is
freed by calling the adiar deinit () function.

The bdd object in Adiar is a container for the underlying files to represent
each BDD. A _bdd object is used for possibly unreduced arc-based OBDD
outputs. Both objects use reference counting on the underlying files to both
reuse the same files and to immediately delete them when the reference count
decrements 0. By use of implicit conversions between the bdd and __bdd objects
and an overloaded assignment operator, this garbage collection happens as early
as possible, making the number of concurrent files on disk minimal.

A BDD can also be constructed explicitly with the node writer object in
O(N/B) 1/0s by supplying it all nodes in reverse of the ordering in (1).

5 Experimental Evaluation
We assert the viability of our techniques by investigating the following questions.

1. How well does our technique perform on BDDs larger than main memory?

2. How big an impact do the optimisations we propose have on the compu-
tation time and memory usage?

(a)
(b)
()

)

(d) Use of our improved equality checking algorithms.

Use of the levelized priority queue.
Separating the node-to-leaf arcs of Reduce from the priority queue.

Pruning the output of Apply by short circuiting the given operator.

3. How well do our algorithms perform in comparison to conventional BDD
libraries that use depth-first recursion, a unique table, and caching?
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5.1 Benchmarks

To evaluate the performance of our proposed algorithms we have created im-
plemented multiple benchmarks for Adiar and other BDD packages, where the
BDDs are constructed in a similar manner and the same variable ordering is
used. The source code for all benchmarks is publicly available at the following
url:

github.com/ssoelvsten/bdd-benchmark

The raw data and data analysis has been made available at [41].

N-Queens. The solution to the N-Queens problem is the number of arrange-
ments of NV queens on an N x N board, such that no queen is threatened by
another. Our benchmark follows the description in [29]: the variable x;; repre-
sents whether a queen is placed on the ith row and the jth column and so the
solution corresponds to the number of satisfying assignments of the formula

N—-1N-1

/\ \/ (xi5 A —has_threat (i, §))

i=0 =0
where has_threat(i,j) is true, if a queen is placed on a tile (k,!), that would

be in conflict with a queen placed on (i,7). The ROBDD of the innermost
conjunction can be directly constructed, without any BDD operations.

Tic-Tac-Toe. In this problem from [29] one must compute the number of
possible draws in a 4 x 4 x 4 game of Tic-Tac-Toe, where only N crosses are
placed and all other spaces are filled with naughts. This amounts to counting
the number of satisfying assignments of the following formula.

init(N)A /(@ Va; Ve Va) A @ VI VIEV))
(i B D)EL

where init(N) is true iff exactly N out of the 76 variables are true, and L is
the set of all 76 lines through the 4 x 4 x 4 cube. To minimise the time and
space to solve, lines in L are accumulated in increasing order of the number of
levels they span. The ROBDDs for both init(N) and the 76 line formulas can
be directly constructed without any BDD operations. Hence, this benchmark
always consists of 76 uses of Apply to accumulate the line constraints onto
init(N).

Picotrav. The EPFL Combinational Benchmark Suite [2] consists of 23
combinatorial circuits designed for logic optimisation and synthesis. 20 of these
are split into the two categories random/control and arithmetic, and each of
these original circuits C, are distributed together with one optimised for size
Cs and one for optimised for depth Cy. The last three benchmarks are the
More than a Million Gates benchmarks, which we will ignore as they come
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without optimised versions. They also are generated randomly and hence they
are unrealistic anyway.

We have recreated a subset of the Nanotrav BDD application as distributed
with CUDD [43]. Here, we verify the functional equivalence between each output
gate of the original circuit C, and the corresponding gate of an optimised circuit
Cq or Cs. Every input gate is represented by a decision variable and recursively
the BDD representing each gate is computed. Memoisation ensures the same
gate is not computed twice, while a reference counter is maintained for each gate
to clear the memoisation table; this allows for garbage collection of intermediate
BDDs. Finally, every pair of BDDs that should represent the same output are
tested for equality.

The variable order used was chosen based on what produced the smallest
BDDs during our initial experiments. We had the random/control benchmarks
use the order in which the inputs were declared while the arithmetic benchmarks
derived an ordering based on the deepest reference within the optimised circuit
to their respective input gate; ties for the same level are resolved by a DFS
traversal of the same circuit.

5.2 Hardware

We have run experiments on the following two very different kinds of machines.

o Consumer grade laptop with one quadro-core 2.6 GHz Intel i7-4720HQ
processor, 8 GiB of RAM, 230 GiB of available SSD disk, running Ubuntu,
and compiling code with GCC 9.3.0.

e Grendel server node with two 48-core 3.0 GHz Intel Xeon Gold 6248R pro-
cessors, 384 GiB of RAM, 3.5 TiB of available SSD disk, running CentOS
Linux, and compiling code with GCC 10.1.0.

The former, due to its limited RAM, has until now been incapable of manip-
ulating larger BDDs. The latter, on the other hand, has enough RAM and
disk to allow all BDD implementations to solve large instances on comparable
hardware.

5.3 Experimental Results

All but the largest benchmarks were run multiple times and the minimum mea-
sured running time is reported, since it minimises any error caused by slowdown
and overhead on the CPU and the memory [16]. Using the average or median
value instead has only a negligible impact on the resulting numbers.

5.3.1 Research Question 1:

Fig. 11a shows the 15-Queens problem being solved with Adiar on the Grendel
server node with variable amounts of available main memory. cgroups are used
to enforce the machines memory limit, including its file system cache, to be only
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a single GiB more than what is given to Adiar. During these computations, the
largest reduced BDD is 19.4 GiB which makes its unreduced input at least
25.9 GiB in size. That is, the input and output of the largest run of Reduce
alone occupies at least 45.3 GiB. Yet, we only see a 39.1% performance decrease
when decreasing the available memory from 256 GiB to 2 GiB. This change in
performance primarily occurs in the 2 GiB to 64 GiB interval where data needs
to be fetched from disk; more than half of this decrease is in the 2 GiB to 12 GiB

interval.
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(a) Computing 15-Queens with different (b) Computing N-Queens solutions with
amount of memory available. 7 GiB of memory available.

Figure 11: Performance of Adiar in relation to available memory.

To confirm the seamless transition to disk, we investigate different NV, fix
the memory, and normalise the data to be us per node. The current version of
Adiar is implemented purely using the external memory algorithms of TPIE.
These perform poorly when given small amounts of data; the time it takes to
initialise the larger memory makes it by several orders of magnitude slower than
if it used equivalent internal memory algorithms. This overhead is apparent for
N < 11.

The consumer grade laptop’s memory cannot contain the 19.4 GiB BDD and
its SSD the total of 250.3 GiB of data generated by the 15-Queens problem. Yet,
as Fig. 11b shows for N = 7,...,15 the computation time per node only slows
down by a factor of 1.8 when crossing the memory barrier from N = 14 to 15.
Furthermore, this is only a slowdown at N = 15 by a factor of 2.02 compared
to the lowest recorded computation time per node at N = 12.

5.3.2 Research Question 2a:

Table 2 shows the average running time of the N-Queens problem for N = 14,
resp. the Tic-Tac-Toe problem for N = 22, when using the levelized priority
queue compared to the priority queue of TPIE.

Performance increases by 25.3% for the Queens and by 37.0% for the Tic-Tac-
Toe benchmark when switching from the TPIE priority queue to the levelized
priority queue with a single bucket. The BDDs generated in either benchmark
have very few (if any) arcs going across more than a single level, which explains
the lack of any performance increase past the first bucket.
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Priority Queue || Time (s) Priority Queue | Time (s)

TPIE 908 TPIE 1003
L-PQ(1) 678 L-PQ(1) 632
L-PQ(4) 677 L-PQ(4) 675
(a) N-Queens (N = 14) (b) Tic-Tac-Toe (N = 22)

Table 2: Performance increase by use of the levelized priority queue with k&
buckets (L-PQ(k)) compared to the priority queue of TPIE.

5.3.3 Research Question 2b:

To answer this question, we move the contents of Fieqr into Qreq at the start of
the Reduce algorithm. This is not possible with the levelized priority queue, so
the experiment is conducted on the consumer grade laptop with 7 GiB of ram
dedicated to an older version of Adiar with the priority queue of TPIE. The
node-to-leaf arcs make up 47.5% percent of all arcs generated in the 14-Queens
benchmark. The average time to solve this goes down from 1258 to 919 seconds.
This is an improvement of 27.0% which is 0.57% for every percentile the node-
to-leaf arcs contribute to the total number of arcs generated. Compensating for
the performance increase in Research Question 2a this only amounts to 20.12%,
i.e. 0.42% per percentile.

5.3.4 Research Question 2c:

Like in Research Question 2b, it is to be expected that this optimisation is de-
pendant on the input. Table 3 shows different benchmarks run on the consumer
grade laptop with and without pruning.

For N-Queens the largest unreduced BDD decreases in size by at least 23%
while the median is unaffected. The x;; A —has_threat(i, j) base case consists
mostly of L leaves, so they can prune the outermost conjunction of rows but
not the disjunction within each row. The relative number of node-to-leaf arcs
is also at least doubled, which decreases the number of elements placed in the
priority queues. This, together with the decrease in the largest unreduced BDD,
explains how the computation time decreases by 49% for N = 15. Considering
our results for Research Question 2b above at most half of that speedup can be
attributed to increasing the percentage of node-to-leaf arcs.

We observe the opposite for the Tic-Tac-Toe benchmark. The largest unre-
duced size is unaffected while the median size decreases by at least 20%. Here,
the BDD for each line has only two arcs to the L leaf that can short circuit the
accumulated conjunction, while the largest unreduced BDDs are created when
accumulating the very last few lines, that span almost all levels. Still, there is
a doubling in the total ratio of node-to-leaf arcs and we see at least an 11.6%
decrease in the computation time.
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N
2 | 13 | 14 | 15
Time to solve (s)

3.70-10' | 2.09-10% | 1.35-10% | 1.21-10*
2.25-10' | 1.23-10% | 7.38-10% | 6.34-10°

Largest unreduced size (#nodes)
9.97-10° | 5.26-107 | 2.76-10% | 1.70-10°
7.33-10° | 3.93-107 | 2.10-10% | 1.29-10°

Median unreduced size (#nodes)
2.47-10% | 3.92-10° | 6.52-10° | 1.00 - 10*
2.47-10% | 3.92-10% | 6.52-10% | 1.00 - 10*
Node-to-leaf arcs ratio
16.9% 17.4% 17.6% 17.4%
43.9% 46.2% 47.5% 48.1%

(a) N-Queens

N
20 | 21 | 22 | 23
Time to solve (s)

2.80-10* | 1.57-10% | 7.99-10% | 1.20-10*
2.38-10 | 1.39-10% | 6.96 - 10®> | 8.91-10°
Largest unreduced size (# nodes)
2.44-10° | 1.26-107 | 5.97-107 | 2.59 - 10%
2.44-10° | 1.26-107 | 5.97-107 | 2.59-10%
Median size (# nodes)
1.13-10* | 1.52-10* | 1.87-10* | 2.18-10*
8.79-10% | 1.19-10* | 1.47-10* | 1.73-10*
Node-to-leaf arcs ratio

8.73% 7.65% 6.67% 5.80%
22.36% 18.34% 14.94% 12.29%

(b) Tic-Tac-Toe

Table 3: Effect of pruning on performance. The first row for each feature is
without pruning and the second is with pruning.
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|| depth  size || depth  size
Time (s) 5862 5868  Time (s) 3.89  3.27
O(sort(N)) 496 476 O(sort(N)) 22 22
O(N/B) 735 755 O(N/B) 3 3
N (BDD nodes) 2.68 - 1010 N (BDD nodes) 8.02 - 10°
N (MiB) 614313 N (MiB) 3589

(a) mem_ctrl (b) sin
|| depth  size

Time (s) 0.058 0.006

O(sort(N)) 1 0

O(N/B) 0 1

N (BDD nodes) 2.51-10°

N (MiB) 5.74

(c) voter

Table 4: Running time for equivalence testing. O(sort(N)) and O(N/B) is the
number of times the respective algorithm in Section 3.3.3 was used.

5.3.5 Research Question 2d:

Table 4 shows the time to do equality checking on the three largest circuits
verified with the Picotrav application run on the Grendel server nodes using
Adiar with 300 GiB available. The number of nodes and size reported in the
table is of a single set of BDDs that describe the final circuit. That is, since
Adiar does not share nodes, then the set of final BDDs for the specification
and the optimised circuit are distinct; the mem_ctrl benchmark requires 1231
isomorphism checks on a total of 2 - 2.68 - 10'° nodes which is equivalent to
1.17 TiB of data. In these benchmarks all equality checking was possible to do
with a weighted average performance of 0.109 us/node.

The woter benchmark is especially interesting, since it consists only of a
single output gate and the O(sort(N)) and O(N/B) algorithm are used respec-
tively in the depth and size optimised instance. As witnessed in Section 5.3.1,
Adiar has a bad performance for smaller instances. Yet, despite only a total of
11.48 MiB of data is compared, the O(sort(N)) algorithm runs at 0.116 us/node
and the O(N/B) scan at only 0.012 us/node. That is, the O(N/B) algorithm
can compare at least 2 -5.75 MiB/0.006 s = 1.86 GiB/s.

Table 5 shows the running time of equality checking by instead computing
whether f «+» g = T. Not even taking the speedup due to the priority queue
and separation of node-to-leaf arcs in Section 5.3.2 and 5.3.3 into account, this
approach, as is necessary with Arge’s original algorithms, is 2.42 — 63.5 slower
than using our improved algorithms.

Out of the 3861 output gates checked for equality throughout the 23 verified
circuits the O(N/B) linear scan could be used for 71.6% of them.
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|| depth size || depth  size
Time (s) || 44233.2 44263.4  Time (s) || 10.165 7.911
(a) mem_ctrl (b) sin
H depth  size
Time (s) || 0.380 0.381
(c) voter

Table 5: Running time for checking equality with f < g=T

5.3.6 Research Question 3:

We have compared the performance of Adiar 1.0.1 with the BuDDy 2.4 [30], the
CUDD 3.0.0 [43], and the Sylvan 1.5.0 [19] BDD package.

To this end, we ran all our benchmarks on Grendel server nodes, which were
set to use 350 GiB of the available RAM, while each BDD package is given
300 GiB of it. Sylvan was set to not use any parallelisation and given a ratio
between the unique node table and the computation cache of 64:1. BuDDy was
set to the same cache-ratio and the size of the CUDD cache was set such it would
have an equivalent ratio when reaching its 300 GiB limit. The I/O analysis in
Section 2.2.1 is evident in the running time of Sylvan’s implicit Reduce, which
increases linearly with the size of the node table?. Hence, Sylvan has been set
to start its table 2'2 times smaller than the final 262 GiB it may occupy, i.e. at
first with a table and cache that occupies 66 MiB.

As is evident in Section 5.3.1, the slowdown for Adiar for small instances,
due to its use of external memory algorithms, makes it meaningless to compare
its performance to other BDD packages when the largest BDD is smaller than
32 MiB. Hence, we have chosen to omit these instances from this report, though
the full data set (including these instances) is publicly available.

N-Queens. Fig. 12 shows for each BDD package their running time com-
puting the N-Queens benchmark for 12 < N < 17. At N = 13, where Adiar’s
computation time per node is the lowest, Adiar runs by a factor of 5.1 slower
than BuDDy, 2.3 than CUDD, and 2.6 than Sylvan. The gap in performance
of Adiar and other packages gets smaller as instances grow larger: for N = 15,
which is the largest instance solvable by CUDD and Sylvan, Adiar is only slower
than CUDD, resp. Sylvan, by a factor of 1.47, resp. 2.15.

Adiar outperforms all three libraries in terms of successfully computing very
large instances. The largest BDD constructed by Adiar for N = 17 is 719 GiB
in size, whereas Sylvan with NV = 15 only constructs BDDs up to 12.9 GiB in
size. Yet, at N = 17, where Adiar has to make heavy use of the disk, Adiar’s

4Experiments using perf on Sylvan show that dereferencing a bucket in the unique node
table and using x86 locks to obtain exclusive ownership of cache lines are one of the main
reasons for the slowdown. We hypothesise that the overhead of mmap is the main culprit.
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Figure 12: Running time solving N-Queens (lower is better).

6,000 — ‘
5,000 X“M\&A i
4,000 |- .
w 3,000 —_,—
2,000 - oeef—a .
1,000 |-
o L \ \ \ \ | —— Adiar
0 50 100 150 200 250 —— CUDD

Memory (GiB) —— Sylvan

Figure 13: Running time of 15-Queens with variable memory (lower is better).

computation time per node only slows down by a factor of 1.8 compared to its
performance at N = 13.

Conversely, Adiar is also able to solve smaller instances with much less mem-
ory than other packages. Fig 13 shows the running time for both Adiar, CUDD,
and Sylvan solving the 15-Queens problem depending on the available memory.
Sylvan was first able to solve this problem when given 56 GiB of memory while
CUDD, presumably due to its larger node-size and multiple data structures,
requires 72 GiB of memory to be able to compute the solution.

Tic-Tac-Toe. The running times we obtained for this benchmark, as shown
in Fig. 14, paint the same picture as for Queens above: the factor with which
Adiar runs slower than the other packages decreases as the size of the instance
increases. At N = 24, which is the largest instance solved by CUDD, Adiar runs
slower than CUDD by a factor of 2.38. The largest instance solved by Sylvan is
N = 25 where the largest BDD created by Sylvan is 34.4 GiB in size, and one
incurs a 2.50 factor slowdown by using Adiar instead.

Adiar was able to solve the instance of N = 29, where the largest BDD
created was 902 GiB in size. Yet, even though the disk was extensively used,
Adiar’s computation time per node only slows down by a factor of 2.49 compared
to its performance at N = 22.
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Figure 14: Running time solving Tic-Tac-Toe (lower is better).
Picotrav. Table 6 shows the number of successfully verified circuits by each
BDD package and the number of benchmarks that were unsuccessful due to
a full node table or a full disk and the ones that timed out after 15 days of

computation time.

|| # solved | # out-of-space | # time-out

Adiar 23 6 11
BuDDy 19 20 1
CUDD 20 19 1
Sylvan 20 13 7

Table 6: Number of verified arithmetic and random/control circuits from [2]

If Sylvan’s unique node table and computation cache are immediately in-
stantiated to their full size of 262 GiB then it is able to verify 3 more of the 40
circuits within the 15 days time limit. One of these three is the arbiter bench-
mark optimised with respect to size that BuDDy and CUDD are able to solve
in a few seconds. Yet, BuDDy also exhibits a similar slowdown when it has to
double its unique node table to its full size. We hypothesise this slowdown is
due to the computation cache being cleared when nodes are rehashed into the
doubled node table, while this benchmark consists of a lot of repeated compu-
tations. The other are the mem_ctrl benchmark optimised with respect to size
and depth.

The performance of Adiar compared to the other packages is reminiscent to
our results from the two other benchmarks. For example, the voter benchmark,
where the largest BDD for Adiar is 8.2 GiB in size, it is 3.69 times slower
than CUDD and 3.07 times slower than Sylvan. In the mem_ctrl benchmark
optimised for depth which Sylvan barely was able to solve by changing its cache
ratio, Adiar is able to construct the BDDs necessary for the comparison 1.01
times faster than Sylvan. This is presumably due to the large overhead of Sylvan
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in having to repeatedly run its garbage collection algorithms.

Despite the fact that the disk available to Adiar is only 12 times larger than
internal memory, Adiar has to explicitly store both the unreduced and reduced
BDDs, and many of the benchmarks have hundreds of BDDs concurrently alive,
Adiar is still able to solve the same benchmarks as the other packages. For
example, the largest solved benchmark, mem_ctrl, has at one point 1231 different
BDDs in use at the same time.

6 Conclusions and Future Work

We propose I/O-efficient BDD manipulation algorithms in order to scale BDDs
beyond main memory. These new iterative BDD algorithms exploit a total
topological sorting of the BDD nodes, by using priority queues and sorting
algorithms. All recursion requests for a single node are processed at the same
time, which fully circumvents the need for a memoisation table. If the underlying
data structures and algorithms are cache-aware or cache-oblivious, then so are
our algorithms by extension. The I/O complexity of our time-forward processing
algorithms is compared to the conventional recursive algorithms on a unique
node table with complement edges [9] in Table 7.

The performance of Adiar is very promising in practice for instances larger
than a few hundred MiB. As the size of the BDDs increase, the performance of
Adiar gets closer to conventional recursive BDD implementations. When the
BDDs involved in the computation exceeds a few GiB then the use of Adiar only
results in a 3.69 factor slowdown compared to Sylvan and CUDD - it was only
1.47 times slower than CUDD in the largest Queens benchmark that CUDD
could solve. Simultaneously, the design of our algorithms allow us to compute
on BDDs that outgrow main memory with only a 2.49 factor slowdown, which
is negligible in comparison to the slowdown that conventional BDD packages
experience when using swap memory.

This performance comes at the cost of not sharing any nodes and so not being
able to compare for functional equivalence in O(1) time. We have improved the
asymptotic behaviour of equality checking to only be an O(sort(N)) algorithm
which in practice is negligible compared to the time to construct the BDDs in-
volved. For 71.6% of all the output gates we verified from EPFL Combinational
Benchmark Suite [2] we were even able to do so with a simple O(N/B) linear
scan that can compare more than 1.86 GiB/s. This number is realistic, since
modern SSDs, depending on block size used, have a sequential transfer rate of
1 GiB/s and 2.8 GiB/s.

In practice, the fact that nodes are not shared does not negatively impact
the ability of Adiar to solve a problem in comparison to conventional BDD
packages. This is despite the ratio between disk and main memory is smaller
than the number of BDDs in use. Furthermore, garbage collection becomes a
trivial and cheap deletion of files on disk.

This lays the foundation on which we intend to develop external memory
BDD algorithms usable in the fixpoint algorithms for symbolic model check-
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ing. We will, to this end, attempt to improve further on the non-constant
equality checking, improve the performance of quantifying multiple variables,
and design an I/O-efficient relational product function. Furthermore, we intend
to improve Adiar’s performance for smaller instances by processing them ex-
clusively in internal memory and generalise its implementation to also include
Multi-Terminal [21] and Zero-suppressed [33] Decision Diagrams.

Algorithm | Depth-first |  Time-forwarded
Reduce I O(N) | O(sort(N))
BDD Manipulation
Apply foyg O(NyNy) O(sort(NyNy))
If-Then-Else f7g¢g : h O(N¢Ny¢Ny) O(sort(N¢NgN))
Restrict  f|z;=» O(Ny) O(sort(Ny))
Negation —f O(1) o(1)
Quantification  3/Vv : flz,=0 O(N?) O(sort(N7))
Composition  f|z,=¢ O(N7N,) O(sort(N7Ny))
Counting
Count Paths #paths in f to T O(Ny) O(sort(Ny))
Count SAT  #ux : f(x) O(Ny) O(sort(Ny))
Other
Equality f=yg O(1) O(sort(min(Ny, Ny)))
Evaluate f(z) O(Ly) O(N;/B)
Min SAT min{z | f(x)} O(Ly) O(N;/B)
Max SAT max{z | f(z)} O(Ly) O(N;/B)

Table 7: 1/O-complexity of conventional depth-first algorithms compared to the
time-forwarded we propose. Here, N/B < sort(N) £ N/B-log;/3(N/B) < N,
where N is the number of nodes, and L the number of levels in the BDD.
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Abstract. We outline how support for Zero-suppressed Decision Dia-
grams (ZDDs) has been achieved for the external memory BDD package
Adiar. This allows one to use ZDDs to solve various problems despite
their size exceed the machine’s limit of internal memory.
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1 Introduction

Minato introduced Zero-suppressed Decision Diagrams (ZDDs) [15] as a varia-
tion on Bryant’s Binary Decision Diagrams (BDDs) [5]. ZDDs provide a canon-
ical description of a Boolean m-ary function f that is more compact than the
corresponding BDD when f is a characteristic function for a family F C {0,1}"
of sparse vectors over some universe of n variables. This makes ZDDs not only
useful for solving combinatorial problems [15] but they can also surpass BDDs
in the context of symbolic model checking [21] and they are the backbone of the
PoLyBORI library [4] used in algebraic cryptoanalysis.

The Adiar BDD package [19] provides an implementation of BDDs in C++17
that is I/O-efficient [1]. This allows Adiar to manipulate BDDs that outgrow the
size of the machine’s internal memory, i.e., RAM, by efficiently exploiting how
they are stored in external memory, i.e., on the disk. The source code for Adiar
is publicly available at

github.com/ssoelvsten/adiar

All 1.2 versions of Adiar have only been tested on Linux with GCC. But, with
version 2.0, it is ensured that Adiar supports the GCC, Clang, and MSVC com-
pilers on Linux, Mac, and Windows.

We have added in Adiar 1.1 support for the basic ZDD operations while
also aiming for the following two criteria: the addition of ZDDs should (1) avoid
any code duplication to keep the codebase maintainable and (2) not negatively
impact the performance of existing functionality. Section2 describes how this
was achieved and Sect. 3 provides an evaluation.

Other mature BDD packages also support ZDDs, e.g., CUDD [20], BiDDy [13],
Sylvan [8] and PJBDD [2], but unlike Adiar none of these support manipulation
of ZDDs beyond main memory. The only other BDD package designed for out-of-
memory BDD manipulation, CAL [16], does not support ZDDs.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
K. Y. Rozier and S. Chaudhuri (Eds.): NFM 2023, LNCS 13903, pp. 464-471, 2023.
https://doi.org/10.1007/978-3-031-33170-1_28
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(a) Node Merging (b) BDD Rule (c) ZDD Rule

Fig. 1. Reduction Rules for BDDs and ZDDs.

2 Supporting both BDDs and ZDDs

The Boolean function f : {0,1}™ — {0,1} is the characteristic function for the
set of bitvectors F' = {x € {0,1}" | f(x) = 1}. Each bitvector x is equivalent to
a conjunction of the indices set to 1 and hence F' can quite naturally be described
as a DNF formula, i.e., a set of set of variables.

A decision diagram is a rooted directed acyclic graph (DAG) with two sinks:
a 0-leaf and a 1-leaf. Each internal node has two children and contains the label
i € N to encode the if-then-else of a variable z;. The decision diagram is ordered
by ensuring each label only occurs once and in sorted order on all paths from
the root. The diagram is also reduced if duplicate nodes are merged as shown in
Fig. 1a. Furthermore as shown respectively in Fig. 1b and 1¢, BDDs and ZDDs
also suppress a certain type of nodes as part of their reduction to further decrease
the diagram’s size. The suppression rule for ZDDs in Fig. 1c ensures each path
in the diagram corresponds one-to-one to a term of the DNF it represents.

Both BDDs and ZDDs provide a succinct way to manipulate Boolean for-
mulae by computing on their graph-representation instead. The difference in the
type of node being suppressed in each type of decision diagram has an impact on
the logic within these graph algorithms. For example, applying a binary opera-
tor, e.g., and for BDDs and intersection for ZDDs, is a product construction for
both types of decision diagrams. But since the and operator is shortcutted by
the 0-leaf, the computation depends on the shape of the suppressed nodes.

Hence, as shown in Fig.2, we have generalized the relevant algorithms in
Adiar with a policy-based design, i.e., a compile-time known strategy pattern,
so the desired parts of the code can be varied internally. For example, most
of the logic within the BDD product construction has been moved to the tem-
plated product_construction function. The code-snippets that distinguish the
bdd_apply from the corresponding ZDD operation zdd_binop are encapsulated
within the two policy classes: apply_prod_policy and zdd_prod_policy. This
ensures that no code duplication is introduced. This added layer of abstrac-
tion has no negative impact on performance, since the function calls are known
and inlined at compile-time. No part of this use of templates is exposed to the
end-user, by ensuring that each templated algorithm is compiled into its final
algorithms within Adiar’s .cpp files.
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<adiar>
bdd.h |/ | adiar.h [¢———| zdd.h
A A
e ____ § e 1
[
<adiar/bdd> } } <adiar/zdd>
[
bdd.h +—— | bdd_policy.h } ; zdd_policy.h zdd.h
bdd |« bdd_policy 1 } zdd_policy —>| zdd
|
A J ' \ D
! l 1 o 4 l !
[
! apply.cpp I binop.cpp !
bdd. cpp P zdd. cpp
L—| apply_prod_policy 1 zdd_prod_policy |«
bdd_apply(...) _it _L_| zdd_binop(...)
1
L
<adiar/internal>
reduce.h decision_diagram.h product_construction.h
reduce<...>(...) decision_diagram product_construction<...>(... )

Fig. 2. Architecture of Adiar v1.1. Solid lines are direct inclusions of one file in another
while dashed lines represent the implementation of a declared function.

Table 1. Supported ZDD operations in Adiar v1.1. The semantics views a ZDD as a
set of sets of variables in dom.

Adiar ZDD function

‘ Operation Semantics

Generalised BDD function

ZDD Manipulation

zdd-binop(A,B,®)
zdd_change (A, vars)
zdd_complement (A, dom)
zdd_expand(A, vars)
zdd-offset (A, vars)

zdd_onset (A, vars)

{z|z€ ARz € B}

{(a \ vars) U (vars \ a) | a € A}
P(dom) \ A

UgeafaUwv | v € P(vars)}
{a€ Alvarsna =0}

{a € A|vars C a}

bdd_apply

bdd-restrict
bdd_restrict

zdd_project(A, vars) Proj yars (A) bdd-exists
Counting

zdd_size(A) [A| bdd_pathcount
zdd_nodecount (A) Ny bdd_nodecount
zdd_varcount (A) Ly bdd_varcount
Predicates

zdd_equal(A, B) A=B bdd_equal
zdd_unequal(A, B) A#B bdd-equal
zdd_subseteq(A, B) ACB bdd_equal
zdd_disjoint(A, B) ANB=0 bdd_equal

Set elements

zdd_contains(A, vars) vars € A bdd_eval
zdd_minelem(A) min(A) bdd_satmin
zdd_maxelem(A) max(A) bdd_satmax

Conversion

zdd_from(f, dom)
bdd_from(A, dom)

{z € P(dom) | f(z) =T}
z : P(dom) —xz € A
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For each type of decision diagram there is a class, e.g., bdd, and a separate
policy, e.g., bdd_policy, that encapsulates the common logic for that type of
decision diagram, e.g., the reduction rule in Fig. 1b and the bdd type. This policy
is used within the bdd and zdd class to instantiate the specific variant of the
Reduce algorithm that is applied after each operation. The algorithm policies,
e.g., the two product construction policies above, also inherit information from
this diagram-specific policy. This ensures the policies can provide the information

needed by the algorithm templates.

Table 1 provides an overview of all ZDD operations provided in Adiar 1.1,
including what BDD operations they are generalized from. All but five of these
ZDD operations could be implemented by templating the current codebase. The
remaining five operations required the addition of only a single new algorithm of
similar shape to those in [19]; the differences among these five could be encap-

sulated within a policy for each operation.

3 Evaluation

3.1 Cost of Modularity

Table 2a shows the size of the code base, measured in lines of code (LOC), and
Table 2b the number of unique operations in the public API with and without
aliases. Due to the added modularity and features the entire code base grew by

a factor % = 1.59. Yet, the size of the public API excluding aliases increased
by a factor of % = 2.14; including aliases the public API grew by a factor of

1.98.

3.2 Experimental Evaluation

Impact on BDD Performance. Table3 shows the performance of Adiar
before and after implementing the architecture in Sect. 2. These two benchmarks,
N-Queens and Tic-Tac-Toe, were used in [19] to evaluate the performance of
its BDDs — specifically to evaluate its bdd_apply and reduce algorithms. The
choice of N is based on limitations in Adiar v1.0 and v1.1 (which are resolved
in Adiar v1.2). We ran these benchmarks on a consumer grade laptop with a 2.6
GHz Intel i7-4720HQ processor, 8 GiB of RAM (4 of which was given to Adiar)

and 230 GiB SSD disk.

Table 2. Lines of Code compared to number of functions in Adiar’s API.

Folder ‘ v1.0 vl.1
adiar 3939 1643
adiar/bdd - 1019
adiar/zdd - 1052
adiar/internal| — 2568

(a) Lines of Code.

Adiar’s API| v1.0 vl1.1

BDD 22 23
(w/aliases) | +20 +22
ZDD - 24
(w/aliases) - +14

(b) Size of the Public API.
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Table 3. Minimum running time (s) before and after the changes in Sect. 2.

N ‘ Before (v1.0)  After (v1.1) N ‘ Before (v1.0)  After (v1.1)

13 107.8 108.9 22 616.8 517.9

14 680.8 625.2 23 3202.9 2881.1
(a) Queens (b) Tic-Tac-Toe

The 1% slowdown for the 13-Queens problem is well within the experimental
error introduced by the machine’s hardware and OS. Furthermore, the three
other benchmarks show a performance increase of 9% or more. Hence, it is safe to
conclude that the changes to Adiar have not negatively affected its performance.

ZDD Performance. We have compared Adiar 1.1’s and CUDD 3.0’s [20] per-
formance manipulating ZDDs. Our benchmarks are, similar to Sect. 2, templated
with adapters for each BDD package. Sylvan 1.7 [8] and BiDDy 2.2 [13] are not
part of this evaluation since they have no C++ interface; to include them, we
essentially would have to implement a free/protect mechanism for ZDDs for
proper garbage collection.

Figure 3 shows the normalized minimal running time of solving three combi-
natorial problems: the N-Queens and the Tic-Tac-Toe benchmarks from earlier
and the (open) Knight’s Tour problem based on [6]. We focus on combinatorial
problems due to what functionality is properly supported by Adiar at time of
writing. These experiments were run on the server nodes of the Centre for Sci-
entific Computing, Aarhus. Each node has two 3.0 GHz Intel Xeon Gold 6248R
processors, 384 GiB of RAM (300 of which was given to the BDD package), 3.5
TiB of available SSD disk, runs CentOS Linux, and uses GCC 10.1.0.

Adiar is significantly slower than CUDD for small instances due to the over-
head of initialising and using external memory data structures. Hence, Fig. 3 only
shows the instances where the largest ZDD involved is 10 MiB or larger since
these meaningfully compare the algorithms in Adiar with the ones in CUDD.

[ lr
T s 3 ’

a

2 6 ) 10

a) 4

N 9 ._H/'// 1 H_// 5

~ 0 0 0 —_—

g 107 100 10! 107 102 10t 108 1010

Total Number of Processed ZDD Nodes

(a) Queens, (b) Tic-Tac-Toe, (c) Knight’s Tour,
N=12,...,18 N =20,...,29 boards 5% 5,...,6x 7T

Fig. 3. Normalised minimal running time of Adiar (blue) and CUDD (red). (Color
figure online)
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Similar to the results in [19], also for ZDDs the gap in running time between
Adiar and CUDD shrinks as the instances grow. When solving the 15-Queens
problem, Adiar is 3.22 times slower than CUDD whereas for the 17-Queens
problem it is only 1.91 times slower. The largest Tic-Tac-Toe instance solved by
CUDD was N = 24 where Adiar was only 1.22 times slower. In both benchmarks,
Adiar handles more instances than CUDD: 18-Queens, resp. Tic-Tac-Toe for
N = 29, results in a single ZDD of 512.8 GiB, resp. 838.9 GiB, in size.

The Knight’s Tour benchmark stays quite benign up until a chess board of
6 x 6. From that point, the computation time and size of the ZDDs quickly
explode. Adiar solved up to the 6 x 7 board in 2.5 days, where the largest ZDD
was only 2 GiB in size. We could not solve this instance with CUDD within 15
days. For instances also solved by CUDD, Adiar was up to 4.43 times slower.

4 Conclusion and Future Work

While the lines of code for Adiar’s BDDs has slightly increased, that does not
necessarily imply an increase in the code’s complexity. Notice that the archi-
tecture in Sect. 2 separates the recursive logic of BDD and ZDD manipulation
from the logic used to make these operations I/O-efficient. In fact, this separa-
tion significantly improved the readability and maintainability of both halves.
Furthermore, the C++ templates allow the compiler to output each variant of
an algorithm as if it was written by hand. Hence, as Sect. 3 shows, the addition
of ZDDs has not decreased Adiar’s ability to handle BDDs efficiently.

Adiar can be further modularized by templating diagram nodes to vary their
data and outdegree at compile-time. This opens the possibility to support Multi-
terminal [9], List [8], Functional [11], and Quantum Multiple-valued [14] Decision
Diagrams. If nodes support variadic out-degrees at run-time, then support for
Multi-valued [10] and Clock Difference [12] Decision Diagrams is possible and it
provides the basis for an I/O-efficient implementation of Annotated Terms [3].

This still leaves a vital open problem posed in [19] as future work: the cur-
rent technique used to achieve I/O-efficiency does not provide a translation for
operations that need to recurse multiple times for a single diagram node. Hence,
I/O-efficient dynamic variable reordering is currently not supported. Similarly,
zdd_project in Adiar v1.1 may be significantly slower than its counterparts in
other BDD packages. This also hinders the implementation of other complex
operations, such as the multiplication operations in [4,14,15], the generalisation
of composition in [5] to multiple variables, and the Restrict operator in [7].

Acknowledgements. Thanks to Marijn Heule and Randal E. Bryant for requesting
ZDDs are added to= Adiar. Thanks to the Centre for Scientific Computing, Aarhus,
(phys.au.dk/forskning/cscaa/) for running our benchmarks.

Data Availibility Statement. The data presented in Sect. 3 is available at [18] while
the code to obtain this data is provided at [17].
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Abstract

The BDD package Adiar manipulates Binary Decision Diagrams (BDDs)
in external memory. This enables handling big BDDs, but the perfor-
mance suffers when dealing with moderate-sized BDDs. This is mostly
due to initializing expensive external memory data structures, even if their
contents can fit entirely inside internal memory.

The contents of these auxiliary data structures always correspond to a
graph cut in an input or output BDD. Specifically, these cuts respect the
levels of the BDD. We formalise the shape of these cuts and prove sound
upper bounds on their maximum size for each BDD operation.

We have implemented these upper bounds within Adiar. With these
bounds, it can predict whether a faster internal memory variant of the
auxiliary data structures can be used. In practice, this improves Adiar’s
running time across the board. Specifically for the moderate-sized BDDs,
this results in an average reduction of the computation time by 86.1% (me-
dian of 89.7%). In some cases, the difference is even 99.9%. When check-
ing equivalence of hardware circuits from the EPFL Benchmark Suite, for
one of the instances the time was decreased by 52 hours.

1 Introduction

A Binary Decision Diagrams (BDD) [8] is a data structure that has found great
use within the field of combinatorial logic and verification. Its ability to concisely
represent and manipulate Boolean formulae is the key to many symbolic model
checkers, e.g. [3,14,15,17,18,20,24] and recent symbolic synthesis algorithms [23].
Bryant and Heule recently found a use for BDDs to create SAT and QBF solvers
with certification capabilities [9-11] that are better at proof generation than
conventional SAT solvers.

Adiar [41] is a redesign of the classical BDD algorithms such that they are
optimal in the I/O model of Aggarwal and Vitter [1], based on ideas from Lars
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Figure 1: Running time solving combinatorial BDD benchmarks. Some in-
stances are labelled with the size of the largest BDD constructed to solve them.

Arge [4]. As shown in Fig. 1, this enables Adiar to handle BDDs beyond the
limits of main memory with only a minor slowdown in performance, unlike con-
ventional BDD implementations. Adiar is implemented on top of the TPIE
library [29,42], which provides external memory sorting algorithms, file access,
and priority queues, while making management of I/O transparent to the pro-
grammer. These external memory data structures work by loading one or more
blocks from files on disk into internal memory and manipulating the elements
within these blocks before storing them again on the disk. Their I/O-efficiency
stems from a carefully designed order in which these blocks are retrieved, ma-
nipulated, and stored. Yet, initializing the internal memory in preparation to
do so is itself costly — especially if purely using internal memory would have suf-
ficed. This is evident in Fig. 1 (cf. Section 4.3 for more details) where Adiar’s
performance is several orders of magnitude worse than conventional BDD pack-
ages for smaller instance sizes. In fact, Adiar’s performance decreases when the
amount of internal memory increases.

This shortcoming is not desirable for a BDD package: while our research fo-
cuses on enabling large-scale BDD manipulation, end users should not have to
consider whether their BDDs will be large enough to benefit from Adiar. Solving
this also paves the way for Adiar to include complex BDD operations where con-
ventional implementations recurse on intermediate results, e.g. Multi-variable
Quantification, Relational Product, and Variable Reordering. To implement the
same, Adiar has to run multiple sweeps. Yet, each of these sweeps suffer when
they unecessarily use external memory data structures. Hence, it is vital to
overcome this shortcomming, to ensure that an I/O-efficient implementations
of these complex BDD operations will also be usable in practice.

The linearithmic I/O- and time-complexity of Adiar’s algorithms also ap-
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plies to the lower levels of the memory hierarchy, i.e. between the cache and
RAM. Hence, there is no reason to believe that the bad performance for smaller
instances is inherently due to the algorithms themselves; if they used an internal
memory variant of all auxiliary data structures, then Adiar ought to perform
well for much smaller instances. In fact, this begs the question: while we have
investigated the applicability of these algorithms at a large-scale in [41], how
can they seamlessly handle both small and large BDDs efficiently?

We argue that simple solutions are unsatisfactory: A first idea would be
to start running classical, depth-first BDD algorithms until main memory is
exhausted. In that case, the computation is aborted and restarted with external
memory algorithms. But, this strategy doubles the running time. While it
would work well for small instances, the slowdown for large instances would
be unacceptable. Alternatively, both variants could be run in parallel. But,
this would halve the amount of available memory and again slow down large
instances.

A second idea would be to start running Adiar’s I/O-efficient algorithms
with an implementation of all auxiliary data structures in internal memory. In
this case, if memory is exhausted, the data coudl be copied to disk, and the com-
putation could be resumed with external memory. This could be implemented
neatly with the state pattern: a wrapper switches transparently to the exter-
nal memory variant when needed. Yet, moving elements from one sorted data
structure to another requires at least linear time. Even worse, such a wrapper
adds an expensive level of indirection and hinders the compiler in inlining and
optimising, since the actual data structure is unknown at compile-time.

Instead, we propose to use the faster, internal-memory version of Adiar’s
algorithms only when it is guaranteed to succeed. This avoids re-computations,
duplicate storage, as well as the costs of indirection. The main research question
is how to predict a sound upper bound on the memory required for a BDD
operation, and what information to store to compute these bounds efficiently.

1.1 Contributions

In Section 3, we introduce the notion of an i-level cut for Directed Acyclic
Graphs (DAGs). Essentially, the shape of these cuts is constricted to span at
most i levels of the given DAG. Previous results in [22] show that for ¢ > 4
the problem of computing the maximum i¢-level cut is NP-complete. We show
that for ¢ € {1,2} this problem is still computable in polynomial time. These
polynomial-time algorithms can be implemented using a linearithmic amount
of time and I/Os. But instead, we use over-approximations of these cuts. As
described in Section 3.4, their computation can be piggybacked on existing BDD
algorithms, which is considerably cheaper: for 1-level cuts, this only adds a 1%
linear-time overhead and does not increase the number of I/O operations.
Investigating the structure of BDDs from the perspective of i-level cuts for
i € {1, 2} in Section 3.1 and 3.2, we obtain sound upper bounds on the maximum
i-level cuts of a BDD operation’s output, purely based on the maximum i-level
cut of its inputs. Using these upper bounds, Adiar can decide in constant
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time whether to run the next algorithm with internal or external memory data
structures. Here, only one variant is run, all memory is dedicated to it, and the
exact type of the auxiliary data structures are available to the compiler.

Our experiments in Section 4 show that it is a good strategy to compute the
1-level cuts, and to use them to infer an upper bound on the 2-level cuts. This
strategy is sufficient to address Adiar’s performance issues for the moderate-
sized instances while also requiring the least computational overhead. As Fig. 1
shows, adding these cuts to Adiar with version 1.2 removes the overhead intro-
duced by initializing TPIE’s external memory data structures and so greatly im-
proves Adiar’s performance. For example, to verify the correctness of the small
and moderate instances of the EPFL combinational benchmark circuits [2], the
use of i-level cuts decreases the running time from 56.5 hours down to 4.0 hours.

2 Preliminaries

2.1 Graph and Cuts

A directed graph is a tuple (V, A) where V is a finite set of vertices and A C VxV
a set of arcs between vertices. The set of incoming arcs to a vertex v € V is
in(v) = AN (V x {v}), its outgoing arcs are out(v) = AN ({v} x V), and v is a
source if its indegree |in(v)| = 0 and a sink if its outdegree |out(v)| = 0.

A cut of a directed graph (V, A) is a partitioning (S,T) of V such that
SUT =V and SNT = . Given a weight function w : A — R the weighted
maximum cut problem is to find a cut (S,T) such that ) .o pnqw(a) is
maximal, i.e. where the total weight of arcs crossing from some vertex in S to
one in 7T is maximised. Without decreasing the weight of a cut, one may assume
that all sources in V' are part of the partition S and all sinks are part of 7. The
maximum cut problem is NP-complete for directed graphs [31] and restricting
the problem to directed acyclic graphs (DAGs) does not decrease the problem’s
complexity [22].

If the weight function w merely counts the number of arcs that cross a cut,
ie. Va € A:w(a) =1, the problem above reduces to the unweighted maximum
cut problem where a cut’s weight and size are interchangeable.

2.2 Binary Decision Diagrams

A Binary Decision Diagram (BDD) [8], as depicted in Fig. 2, is a DAG (V, A)
that represents an n-ary Boolean function. It has a single source vertex r € V/,
usually referred to as the root, and up to two sinks for the Boolean values B =
{L, T}, usually referred to as terminals or leaves. Each non-sink vertex v € V\B
is referred to as a BDD node and is associated with an input variable x; €
{zo,x1,...,2n_1} where label(v) = i. Each arc is associated with a Boolean
value, i.e. A CV x B x V (written as v = v’ for a (v,b,v’) € A), such that
each BDD node v represents a binary choice on its input variable. That is,
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Figure 2: Examples of Reduced Ordered Binary Decision Diagrams. Terminals
are drawn as boxes with the Boolean value and BDD nodes as circles with the
decision variable. Low edges are drawn dashed while high edges are solid.

out(v) = {v = v',v =5 v"}, reflecting x; being assigned the value L, resp. T.
Here, v’ is said to be v’s low child while v is its high child.

An Ordered Binary Decision Diagram (OBDD) restricts the DAG such that
all paths follow some total variable ordering 7: for every arc v; — vy between
two distinct nodes v1 and ve, label(v1) must precede label(vs) according to the
order m. A Reduced Ordered Binary Decision Diagram (ROBDD) further adds
the restriction that for each node v where out(v) = {v = v/,v - v"}, (1)
v’ # 0" and (2) there exists no other node u € V such that label(v) = label(u)
and out(u) = {u = v',u — v"”}. The first requirement removes don’t care
nodes while the second removes duplicates. Assuming a fixed variable ordering
7w, an ROBDD is a canonical representation of the Boolean function it represents
[8]. Without loss of generality, we will assume 7 is the identity.

This graph-based representation allows one to indirectly manipulate Boolean
formulae by instead manipulating the corresponding DAGs. For simplicity, we
will focus on the Apply operation in this paper, but our results can be generalised
to other operations. Apply computes the ROBDD for f ® g given ROBDDs for
f and g and a binary operator ® : B x B — B. This is done with a product
construction of the two DAGs, starting from the pair (ry,r4) of the roots of
f and g. If terminals by from f and b, from g are paired then the resulting
terminal is by ® bgy. Otherwise, when nodes vy from f and v, from g are paired,
a new BDD node is created with label ¢ = min(label(vy), label(vgy)), and its low
and high child are computed recursively from pairs (U}-, v;). For the low child,
v} is vy low if label(vy) = £ and vy otherwise; vy is defined symmetrically. The
recursive tuple for the high child is defined similarly.

2.2.1 Zero-suppressed Decision Diagrams

A Zero-suppressed Decision Diagram (ZDD) [27] is a variation of BDDs where
the first reduction rule is changed: a node v for the variable label(v) with
out(v) = {v = v',;v - v} is not suppressed if v is a don’t care node, i.e. if
v' = 0", but rather if it assigns the variable label(v) to L, i.e. if v/ = L. This
makes ZDDs a better choice in practice than BDDs to represent functions f
where its on-set, {Z | f(Z) = T}, is sparse.

The basic notions behind the BDD algorithms persist when translated to
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ZDDs, but it is important for correctness that the ZDD operations account for
the shape of the suppressed nodes. For example, the union operation needs to
replace recursion requests for (vy,vqy) with (vy, L) if label(vy) < label(vg) and
with (L, vg) if label(vy) > label(vg).

2.2.2 Levelised Algorithms in Adiar

BDDs and ZDDs are usually manipulated with recursive algorithms that use
two hash tables: one for memoisation and another to enforce the two reduction
rules [7,28]. Lars Arge noted in [4,5] that this approach is not efficient in the
I/O-model of Aggarwal and Vitter [1]. He proposed to address this issue by
processing all BDDs iteratively level by level with the time-forward processing
technique [13,25]: recursive calls are not executed at the time of issuing the
request but are instead deferred with one or more priority queues until the
necessary elements are encountered in the inputs. In [41], we implemented this
approach in the BDD package Adiar. Furthermore, with version 1.1 we have
extended this approach to ZDDs [38].

In Adiar, each decision diagram is represented as a sequence of its BDD
nodes. Each BDD node is uniquely identifiable by the pair (¢,¢) of its level
£, i.e. its variable label, and its level-index i. And so, each BDD node can be
represented as a triple of its own and its two children’s unique identifiers (uids).
The entire sequence of BDD nodes follows a level by level ordering of nodes
which is equivalent to a lexicographical sorting on their uid. For example, the
three BDDs in Fig. 2 are stored on disk as the lists in Fig. 3.

2a: [ ((0,0),L,T) ]
2b: [ ((1,0),L1,T) ]
2C: [ ((070)7(170)7(171)) ’ ((170)?J—7T) ) ((171)7T7J‘) ]

Figure 3: In-order representation of BDDs of Fig. 2

The conventional recursive algorithms traverse the input (and the output)
with random-access as dictated by the call stack. Adiar replaces this stack with
a priority queue that is sorted such that it is synchronised with a sequential
traversal through the input(s). Specifically, the recursion requests s — ¢ from
a BDD node s to t is sorted on the target ¢t — this way the requests for ¢ are at
the top of the priority queue when t is reached in the input. For example, after
processing the root (0,0) of the BDD in Fig. 2c, the priority queue includes the
arcs (0,0) = (1,0) and (0,0) =+ (1,1), in that order. Notice, this is exactly in
the same order as the sequence of nodes in Fig. 3. Essentially, this priority queue
maintains the yet unresolved parts of the recursion tree (V/, A’) throughout a
level by level top-down sweep. Yet, since the ordering of the priority queue
groups together requests for the same ¢, the graph (V’, A’) is not a tree but a
DAG.

For BDD algorithms that produce an output BDD, e.g. the Apply algorithm,
Adiar first constructs (V’, A’) level by level. When the output BDD node ¢t € V’
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Figure 4: The Apply—Reduce pipeline in Adiar

is created from nodes vy € Vy and vy € Vj, the top of the priority queues
provides all ingoing arcs, which are placed in the output. Outgoing arcs to a
terminal, out(t)N (V' xB xB), are also immediately placed in a separate output.
On the other hand, recursion requests from ¢ to its yet unresolved non-terminal
children, out(t) \ (V' x B x B), have to be processed later. To do so, these
unresolved arcs are put back into the priority queue as arcs

(t = (vy,vp) €V xBx (Vy xV,) ,

where the arc’s target is the tuple of input nodes ’U} € Vy and v; € Vy. This
essentially makes the priority queue contain all the yet unresolved arcs of the
output. For example, when using Apply to produce Fig. 2c¢ from Fig. 2a and
2b, the root node of the output is resolved to have uid (0,0) and the priority
queue contains arcs (0,0) = (L, (1,0)) and (0,0) = (T,(1,0)). Both of these
arcs are then later resolved, creating the nodes (1,0) and (1,1), respectively.

Yet, these top-down sweeps of Adiar produce sequences of arcs rather than
nodes. Furthermore, the DAG (V’/, A’) is not necessarily a reduced OBDD.
Hence, as shown in Fig. 4, Adiar follows up on the above top-down sweep
with a bottom-up sweep that 1/O-efficiently recreates Bryant’s original Reduce
algorithm in [8]. Here, a priority queue forwards the uid of ¢’ that is the result
from applying the reduction rules to a BDD node t in (V', A’) to the to-be
reduced parents s of t. These parents are immediately available by a sequential
reading of (V', A’) since in(t) was output together within the prior top-down
sweep. Both reduction rules are applied by accumulating all nodes at level j
from the arcs in the priority queue, filtering out don’t care nodes, sorting the
remaining nodes such that duplicates come in succession and can be eliminated
efficiently, and finally passing the necessary information to their parents via the
priority queue.

3 Levelised Cuts of a Directed Acyclic Graph

Any DAG can be divided in one or more ways into several levels, where all
vertices at a given level only have outgoing arcs to vertices at later levels.

Definition 1. Given a DAG (V, A) a levelisation of vertices in V is a function
L:V = NU{oo} such that for any two vertices v,v' € V, if there exists an arc
v =" in A then L(v) < L(V').

Intuitively, £ is a labeling of vertices v € V that respects a topological
ordering of V. Since (V, A) is a DAG, such a topological ordering always exists
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and hence such an £ must also always exist. Specifically, Specifically, let 7wy in
be the longest path in (V, A) (which must be from some source s € V to a sink
t € V) and 7, be the longest path any given v € V to any sink ¢ € V, then L(v)
can be defined to be the difference of their lengths, i.e. |my| — |m,].

Given a DAG and a levelisation £, we can restrict the freedom of a cut to be
constricted within a small window with respect to £. Fig. 5 provides a visual
depiction of the following definition.

Definition 2. An i-level cut for ¢ > 1 4s a cut (S,T) of a DAG (V, A) with
levelisation L for which there exists a j € N such that L(s) < j+1i for all s € S
and L(t) > j forallt €T.

Figure 5: Visualisation of an i-level cut.

As will become apparent later, deriving the i-level cut with maximum weight
for ¢ € {1,2} will be of special interest. Fig. 6 shows two 1-level cuts and three
2-level cuts in the BDD for the exclusive-or of the two variables xg and x1. A
1-level cut is by definition a cut between two adjacent levels whereas a 2-level
cut allows nodes on level j + 1 to be either in S or in 7. In Fig. 6, both the
maximum 1-level and 2-level cuts have size 4.

Figure 6: 1-level (cyan) and 2-level (orange) cuts in the o ¢ z; BDD.

Proposition 3. The mazimum 1-level cut in a DAG (V, A) with levelisation L
is computable in polynomial time.

Proof. For a specific j € L(V) we can compute the size of the 1-level cut at j
in O(A) time by computing the sum of w((s,t)) over all arcs (s,t) € A where
L(s) < j and L(t) > j. This cut is by definition unique for j and hence
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maximal. Repeating this for each j € L(V') we obtain the maximum 1-level cut

of the entire DAG in O(|L(V)|- |A]) = O(]V] - |A]) time. O

Proposition 4. The mazimum 2-level cut in a DAG (V, A) with levelisation L
is computable in polynomial time.

Proof. Giv